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Introduction 


Wises a thick-walled cylinder is subjected to a slowly 
increasing internal pressure it will initially be wholly elastie with 
the bore most highly stressed. At the initial yield pressure yield 
occurs at the bore and the cylinder becomes partially plastic with 
a plastic core and elastic outer shell. With increasing pressure the 
plastic-elastic boundary moves outward until it reaches the 
outer surface of the cylinder. Further expansion of the now 
fully-plastic cylinder may occur at a constant or “collapse” pres- 
sure until strain-hardening starts to occur at the bore. The cylin- 
der will then withstand increasing pressure so long as the strength- 
ening effect of strain-hardening is greater than the weakening ef- 
At the ulti- 
mate or maximum pressure these effects become equal and 


fect of reduced wall thickness caused by expansion. 


further straining and finally failure of the evlinder occur at lower 
pressures. 

A comprehensive survey of previous work on this subject, both 
theoretical and experimental, is given in Crossland and Bones 
(1]! and will not be repeated here. Briefly three forms of solution 
have been proposed theoretically: 


1 Numbers in brackets designate References at 

Contributed by the Division and presented at the 
Petroleum-Mechanical Engineering Conference, Denver, Colo., 
September 21-24, 1958, of THE AMERICAN Society OF MECHANICAI 
ENGINEERS. 

Notre: Statements and opinions advanced in 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 27, 
1958. Paper No. 58—Pet-20. 


end of paper. 
Petroleum 


papers are to be 


The Strength of Thick-Walled Cylinders 


Comprehensive pressure tests have been carried out on thick-walled, closed-ended cylin 
ders made from a mild steel and a hardened and tempered steel, the maximum pressure 
reached being 94,000 lb/in.? 
puted from shear stress-strain data obtained from torsion tests and is shown to be 
very close agreement with the experimental results. 
deriving the large strain behavior of the cylinders from tension test data. 
pared with the experimental results this approach gives larger errors, the theoretical 
values of pressure being consistently high. 
lated from two empirical expressions. 


The complete theoretical behavior of the cylinders is com 


In addition, a method is given for 
When com 


Finally, ultimate pressures have been calcu- 


(a) Near-exact mathematical solutions so cumbersome as to be 
of little practical use to engineers. 

(b) Empirical equations which give the ultimate pressure in 
terms of a single point on the stress-strain curve, usually the ulti- 
mate tensile stress. 

(c) Solutions based on certain simplifying assumptions giving 
a numerical form which is reasonably simple to use and which fits 
the experimental results extraordinarily closely. 

Theoretical details of one of the third form of solution are 
briefly set out in the Appendix. Fundamentally the assumptions 
made, which are well justified by experiment, enable the triaxial 
stress system in a closed-ended, thick-walled cylinder under in- 
ternal pressure to be reduced to that of a simple shear plus a 
superimposed hydrostatic tension. This is known to be true in 
the elastie region and it is shown to be acceptably correct in the 
This established, and 


knowing that the hydrostatic stress has no significant effect on 


partially plastic and fully plastic regions. 


the behavior under shear stress of most engineering materials 
(Crossland [2]), the behavior of the evlinder may then be readily 
derived from shear stress-strain data for the material. In par 
ticular, the pressure-expansion curve at large strains and the ulti- 
mate pressure may be obtained using a method due to Manning 
(3]. 

The shear stress-strain data required are most readily obtained 
from a torsion test but the authors, realizing that the results of a 
tension test are more commonly available, have also given a solu- 
tion based on tension test results which does, however, involve 
further assumptions. 


In this paper the results of experiments involving pressure, tor- 





Nomenclature 


= radial, hoop, and — avxial 
stresses (tension positive) 
= corresponding strains 
= initial inner radius of thick- 
walled cylinder 
initial outer radius 
any initial intermediate ra- 
dius 


pressure 


diameter ratio 


radius of plastic boundary 
radial displacement of cylin- 
drical surface radius r 


tension test data 


radial displacement at bore 
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radial displacement at outer 
surface 

internal pressure 

initial yield pressure 

internal 
tially-plastiec state 

collapse pressure 

ultimate pressure 


boundary 

pressure summation based on 
torsion test data 

pressure summation based on 


shear stress 


upper vield shear stress 
lower or plastic yield stress 
shear strain 

equivalent shear strain 


pressure for par- diameter of torsion specimer 
tensile stress 

equivalent tensile stress 
ultimate tensile stress 

at plastic-elastic initial length of element. of 
tension specimen 


extension of element 


equivalent engineer’s  ten- 
sile strain 
Young’s modulus 


Poisson’s ratio 
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sion, and tension tests on two steels, a mild steel and a hardened 
uid tempered alloy steel, called Vibrac, are reported. Some of 


these results have been reported by Crossland and Bones [1]. 
steel cylinders, having diameter ratios of up to 8, 


steel cylinders, having diameter ratios of up to 2, 


Seventeen mild 
and five Vibrac 
were pressure tested, the maximum pressure reached being 94,000 
* The theoretical behavior of the thick-walled cylinders is 
both the test data. The 
theoretical results based on torsion data are shown to be in very 
Those based on 


lb/in. 


derived from torsion and tension 


] 
close 


agreement with the experimental results. 
tension data are less accurate and give consistently high values for 
pressure. Moreover, .it is-shown that the standard tension test, 
discontinued on reaching the ultimate stress, does not give suf- 
ficient large strain information about the material to enable more 

This 
[4] postulate, that ultimate 


than a limited range of theoretical results to be computed. 
limitation is overcome if Jorgensen’s 
pressure is reached when the stress at the bore equals the ulti- 
Theoretical ultimate pressures 
Fi- 
, the simple mean diameter formula which gives ultimate 


mate tensile siress, is accepted. 
calculated on this basis fit the experimental results closely. 
nally 
pressure explicitly in terms of ultimate tensile stress and diame- 


ter ratio: 
(K 1) 


a 
ria = BY 


P. 2 


u 


hown to Live reasonable and safe values. 


Apparatus 


Torsion Tests. Torsion specimens were made to the form shown 
in Fig. 1 and were tested in the machine described by Morrison 


2 in shear stress and 107* (at small 


[5]. Changes of 45 Ib/in. 
strains) in strain could be detected and the accuracy of calibration 
in each case was within 0.5 per cent 

2 were 
“, were 


Tension Tests. ‘Two sizes of specimen, shown in Fig. 


“DIAM. 0.15% 
DIAM VIBRA 


STEELS 


Fig. 1 Torsion specimen 


tested in a machine designed by Robertson [6] in which the load 
is measured by a stiff load bar in tandem with the specimen, an 
arrangement which allows readings beyond the ultimate to be ob- 
tained. Axial strains were measured using one Martens-type 
extensometer on the small specimens and three equally spaced ex- 
tensometers on the large specimens. Changes of 45 Ib/in. 
stress and 5 X 10~® strain could be detected and the accuracy of 
calibration in each case was within 1 per cent. 


Pressure Tests. The high-pressure apparatus has been described 


3° RAD. 
0-340" DIA. VIBRAG 


0°357 DIA. O15 % C 
STEELS 


She VIBRAC 
6ig O-15% C STEELS 


T¥é Rad 


0250" DIA. 


\" DIAM. 
EXCEPT CYLINDERS FROM 
C STEEL NOS |6 AND i9 





GAUGE LENGTH 4° 


+ 
EXCEPT CYLINDERS FROM 045%; 
C STEEL NOS. 2,3,4,5,7 AND 6 


Fig. 3 Test cylinder 


Fig. 4 Cylinder test assembly 
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in detail by Crossland and Bones [7] and a mixture of castor oil 
and brake fluid was used as the high-pressure liquid. This mix- 
ture does not freeze readily and has reasonable lubricating proper- 
ties. The free-piston gage which is used to measure pressure has a 
sensitivity of 100 lb/in.* at 100,000 lb/in.? and is accurate to 
within 1 per cent over the complete pressure range of 5000 to 100,- 
000 Ib/in.? Under pressure there is always soine leakage past 
the piston of the pressure gage and at 100,000 lb/in.? this was 
found to give a rate of decrease in pressure of not greater than 45 
lb/in.2/min. 

Fig. 3 shows the form to which the thick-walled cylinders were 
machined and Fig. 4 is a cross-sectional drawing of a cylinder con- 
nected to the high-pressure system. 

Measurements of diametral and axial strains at the external 
surface were made throughout the tests on most of the thick- 
walled cylinders. To measure axial strain two Martens-type 
extensometers of 2-in. gage length were fitted diametrally opposite 
one another and the diametral strains on two diameters at right 
angles in the central cross section were measured with optical 
extensometers similar to those of Cook [8]. A photograph of a 
cylinder set up with extensometers is shown in Fig. 5. 

Changes of 5 X 10~* in axial strain and 2 X 10-*in diametral 
strain could be detected and the accuracy 
within 0.5 and 1 per cent, respectively. 


of calibration was 
Diametral strains of 


Fig. 5 Thick-walled cylinder set up for testing 
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0.15 PERCENT CARBON STEEL 


greater than 0.007 were measured with a micrometer sensitive to 
0.0001 strain. 


Materials Tested and Position of Specimens 


Table 1 gives the percentage compositions and other details of 
the two steels tested. 


Table 1 


ig Mn Ni Cr Mo 

0.15% 
steel 
Vibrac steel 


carbon 
0.15 0.047 0.048 0.020 0.66 : P 
0.3 0.24 0.012 0.013 0.66 2.57 0.58 0.60 


Form and condition 


2-in. diameter hot- 
rolled bar 

13!/2-in. lengths of 
2!/,-in. diameter 
hot-rolled bar in- 
dividually oil 
quenched from 
830 C and tem- 
pered at 660 C 


Supplier 
Park Gate Iron & 
Steel Co. 
English Steel 
poration 


0.15% carbon steel 


Vibrac steel Cor- 


Fig. 6 shows the positioning of the specimens in the bars. It will 
be seen that the torsion and tension specimens were arranged to 
coincide in cross-sectional position with the cylinder walls and 
that they were distributed longitudinally between the thick- 
walled cylinders so as to give complete information about the 
properties of the bar. 

A high-vacuum furnace was used to heat-treat 
specimens. 


all finished 
Those from 0.15 per cent carbon steel were normal- 
ized by heating at 900 C for one hou 
tube 
one hour. 


r and cooling in the vacuum 


and those from Vibrac steel were stress-relieved at 600 C for 


Technique of Testing 


Torsion Tests. After the elastic behavior and yield point had 
been determined increments of strain were applied and the torque 
and twist measured after a delay of three minutes. 


continued to 


The tests were 
failure. 

Tension Tests. Similarly, load and exten- 
sion were noted three minutes after the application of a strain in- 


It was verified that for large 


alter y ield, readings of 


crement. axial strains the volume of 


—— 


145 K=168 K=401 K*3-55 K=497 K7321 K266 


- 


l = 


s 
TENSION AND 
TORSION 
SPECIMENS 


VIBRAC STEEL 
CYLINDER : 


OS7SRAD 


LARGE LONGITUDINAL 
TENSION SPECIMENS 


VIBRAC STEEL 


0.15 PERCENT CARBON STEEL 


Fig. 6 Distribution of specimens 
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the specimen remained sensibly constant so axial strains greater 
than 0.02 were calculated from the diameter of the specimen, 
measured with a micrometer. After the ultimate tensile stress 
was reached and necking of the specimen became apparent the 
diameter of the minimum cross section and the radius of curvature 
of the neck profile at this cross section were measured from an 


mage projec 1on 


to a screen with a magnification of about 30 


times, 7 sts were thus continued 


at decreasing load to 
failure 

Pressure Tests. [1 tlie clastic region small increments of pressure 
were applied and strain and pressure readings were noted after a 
three 


minute delay to allow the slight temperature increase caused 


by the compression of the oil to be dissipated. In the early post- 


ield and plastic sure Was maintained constant for a 


short period and then the intensifier was switched off and the 


further three minutes. The tests were 


readings taken alter a 
continued until the ultimate pressure was passed and the speci- 
mens were then burst without further measurements. 

Compatibility of Testing Techniques. In each of the three forms of 
test, measurements were made three minutes after applying an 


increment of During this period an increase of strain in 
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the specimen brings about a decrease in load; the relationship be- 
tween them being a function of the stiffness of the machine and 
load bar relative to that of the specimen for the torsion and tension 
tests, and of the stiffness of the high-pressure system relative to 
that of the specimen for the pressure tests. Tests in torsion and 
tension in which readings were observed at various times after 
applying a strain increment showed that the rate of change in 
the reading after three minutes was negligible. Tests carried out on 
thick-walled cylinders in which readings were noted at various 
times after each increase in strain, and tests in which the pressure 
was maintained constant while strain readings were noted at 
various times demonstrated that such differences in technique 
have very little influence on the pressure/expansion curve ob- 
tained. It is considered that the techniques adopted do not intro- 
duce any discrepancies which invalidate comparison between the 
three forms of test. 


Results 


Torsion Tests. 
7 and 8. 


The results of the torsion tests are shown in Figs. 
Only a few of the experimental points obtained for each 


; 


°oo8 





os 
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Fig. 7 0.15 per cent carbon steel torsion tests 
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Fig. 8 Vibrac steel torsion tests 
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specimen are plotted and it should be noted that for any single 
specimen the experimental points lie on a smooth curve. Shear 
stress/strain curves (Figs. 9 and 10) have been derived from 
these results using the method given by Nadai [9]. The average 
properties of the two steels in torsion are given in Table 2. 


Table 2 


0.15% C 
Transverse Longitudinal 


Direction of —_—— 
specimen 
Upper yield 
stress, lb/in.? 
Plastic yield 
stress, lb /in.? 
Shear modulus, 

Ib/in.? 11S & 10° 


Vibrac 
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Ty 


25, 600 25,800 None 


16,600 15,200 60,000 
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Tension Tests. The results of the tension tests as far as the ulti- 
mate are shown in Figs. 11 and 12 in terms of nominal stress and 
engineer’s strain. Again it should be noted that each specimen 
gave a smooth curve. Accurate information about the elastic 
behavior and the upper yield stress could be obtained only from 
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the large tensile specimens (see Fig. 2) where the eccentricity of 
loading was small and precisely known. At large strains the true 
stress at the neck has been determined using the analysis due to 
Bridgman [10] and the results are shown in Fig. 13 
properties are given in Table 3. 


The average 


Table 3 


Direction of 
specimen 
Upper yield tensile 
stress, lb/in.? 
Plastic yield tensile 
stress, lb/in.? 
Ultimate tensile 
stress, lb/in.? 
Young’s modulus 

Ib/in.? 
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Vibrae 
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17 , 500 None 


32,500 32,700 LO8 , 000 
54,600 
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Pressure Tests. Preliminary tests were carried out to determine 
the effect of the gage length on the behavior of the thick-walled 


cylinders, using specimens from 0.15 per cent carbon steel having 
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Fig. 9 0.15 per cent carbon steel derived shear-strain curves 
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Fig. 10 Vibrac steel derived shear stress-strain curves 
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Fig. 11 0.15 per cent carbon steel tension tests 
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Fig. 12 Vibrac steel tension tests 
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Fig. 13 Tension tests stress-strain curves at large strains 
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Fig. 14 0.15 per cent corbon steel pressure tests; effect of gage length 
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Fig. 16 0.15 per cent carbon steel pressure tests; pressure/expansion 
curves at large strains 
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Fig. 15 0.15 per cent carbon steel pressure tests; pressure/expansion 


a diameter ratio of 2.25. The results of these tests are shown in 
Fig. 14. The pressure/expansion curves for the cylinders having 
the extreme gage lengths are given and it is seen that the ends 
have a small strengthening effect at large strains for the very short 
cylinder. No differences were found in the pressure/expansion 
curves and hence in the ultimate pressures obtained for eylinders 
having a ratio of gage length to external diameter greater than 2 
It follows that end effects in the standard thick-walled cylinder, 
for which this ratio is 4, are negligible. 

The experimental pressure/expansion curves are shown in 
Figs. 15, 16, 17, and 18. No small strain readings for the 
cylinder having diameter ratio 8.05 could be obtained with 
the available size of double-diametral extensometer and for the 
cylinder having diameter ratio 6.02 the curve is shown by a 
broken line between 50,000 and 70,000 Ib/in.? since leakage in 
the high-pressure system invalidated the readings taken. In all 
of the 0.15 per cent carbon steel cylinders unsymmetrical yielding, 
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curves at small strains 


manifesting itself as markedly different readings on the 


diametral extensometers, was observed in the partially-pl 


region; mean curves have been plotted in this region. 
maximum in the pressure/expansion curve was obtained for 
two cylinders having the smallest diameter ratios i 


failure occurred before ultimate pressure was quit 

The average axial strains are shown in Figs. 19 and 20 
From the diametral and axial strains the shear 
and elastic constants for the material ma) 


values of these quantities are given in Table 4 
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Fig. 17 Vibrac pressure tests; pressure/expansion curves at small strains 
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Fig. 19 0.15 per cent carbon steel pressure tests; axial strain 


Discussion of Results and Conclusions 


Torsion Tests. Apart from small differences between the trans- 
verse and longitudinal results in the early post-yield region there 
are no significant variations in the torsion results for the 0.15 per 
cent carbon steel. The seatter of results for Vibrac steel is 
greater and does not appear to be completely attributable to 
variations from bar to bar since the differences between speci- 
mens from the same bar were found to be as much as one half the 
maximum remembered that 


Vibrac is a hardened and tempered steel which cannot be normal- 


difference shown. It must be 
ized as the 0.15 per cent carbon steel was: Less uniform and con- 
sistent properties would therefore be expected. 

Tension Tests. The 0.15 per cent carbon steel results show little 


scatter, the longitudinal specimens giving a higher curve in the 
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Fig. 18 Vibrac pressure tests; pressure/expansion curves at large strain 
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Fig. 20 Vibrac pressure tests; axial strain 
region of large strains and hence a higher ultimate tensile stress. 
The Vibrac results give similar scatter to that found in torsion. 
Pressure Tests. Initial Yield and Collapse Pressures. In Fig. 21 
the experimental values of the initial yield and collapse pressures 
for the 0.15 per cent C steel are shown plotted against diameter 
ratio. A theoretical curve for the initial yield pressure determined 
from equation (8) in the Appendix using values of the upper yield 
shear stress corrected for shear stress gradient is also shown. 
Morrison [5] has shown that the upper yield occurs at a critical 
value of the maximum shear stress which is a linear function of 
shear stress gradient. It follows that this function can be found if 
values of the upper yield shear stress at two different shear stress 
gradients are known. Now in a torsion test on a solid specimen 
the shear stress gradient is proportional to 2/d and in a tension 
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Fig. 22 Vibrac theoretical pressure/expansion curves at small strains 


test the shear stress gradient is zero and the upper yield shear 
stress is 0.5 times the upper yield tensile stress. For the 0.15 per 
cent carbon steel the upper yield shear stress in torsion was 
25,800 lb/in.? for specimens having d = 0.25 in. and in tension 
it was 23,700 Ib/in.? The shear stress gradient at the bore of a 
thick-walled cylinder taken along the 45 deg spiral locus of maxi- 
mum shear stress is proportional to 7 2 /a, so that for a given 
cylinder the shear stress gradient may be evaluated and the 
corresponding value of the corrected upper yield shear stress 
found. The results show that, when this correction for shear 
stress gradient is made, the initial yield pressure can be calculated 
accurately from equation (8). 

Theoretical curves for the collapse pressure determined from 
equation (14) using the extreme values of the plastic yield shear 
stress of 16,600 and 15,200 lb/in.? found in the torsion tests are 
also shown in Fig. 21. The experimental points are seen to lie 
between these curves. The collapse pressures for cylinders with 
diameter ratios greater than 5 were not measured. It is probable 
that for a cylinder of such large diameter ratio the bore material 
would begin to strain-harden before yield had spread to the outer 
surface preventing true collapse and the associated large increase 
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Fig. 23 0.15 per cent carbon steel theoretical pressure/expansion curves 
at large strains 
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Fig. 24 Vibrac theoretical pressure/expansion curves at large strains 
in diametral strain. All the cylinders from 0.15 per cent carbon 
steel strained unsymmetrically in the partially-plastic region 
showing that yield does not spread concentrically in a material 
having a drop of stress at yield. Symmetry was, however, re- 
stored when the cylinders became completely plastic and it is evi- 
dent from the results that collapse pressures may be calculated 
from equation (14) with acceptable accuracy. 

The results for Vibrac steel are less decisive owing to the seat 


ter in the torsion results. Two theoretical pressure/expansion 
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Fig. 25 0.15 per cent carbon steel pressure tests; ultimate pressure 
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Fig. 27 0.15 per cent carbon steel pressure tests; ultimate pressure 


curves computed from equations (13) and (22) in the Appendix 


and based on the extreme values of the plastic yield shear stress 
obtained in torsion are compared with the experimental results in 
Fig. 22. These theoretical curves enclose the experimental points, 
the errors being not greater than 5 per cent. Theoretical curves 
based ma 


plastic vield shear stress of 


59,500 Ib/in.? are also 


shown in Fig. 22, and it is seen that these fit the experimental 


This batch of Vibrac 


does not give a constant plastic vield stress so that the pressure 


points tor all the cylinders very closely 


expansion curves would be expected to continue to rise slightly 
} 


immediately after vield has reached the outer surface and this 
was observed 
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Fig. 26 Vibrac pressure tests; ultimate pressure 
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Fig. 28 Vibrac pressure tests; ultimate pressure 


Vibrac steels at large strains calculated from torsion test data 
by the method outlined in the Appendix are shown in Figs. 23 and 
24. There is excellent agreement with the experimental points up 
to ultimate pressure. The theory of the Appendix is not applica- 
ble beyond the ultimate pressure as it takes no account of the 
localized bulging that then occurs. For Vibrac the experimental 
points lie between the theoretical curves based on the extreme 
shear stress/strain results. 

The theoretical and experimental ultimate pressures are plotted 
in Figs. 25 and 26 and the agreement between them is very good 
even up to a diameter ratio of 8 for the 0.15 carbon steel. 

Theoretical results computed from tension test data by the 
method given in the Appendix are also shown in Figs. 23, 24, 25, 
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and 26, and are seen to be consistently rather high. The full lines 
represent the limited range of results obtainable on the basis of a 
standard tension test giving no information about the behavior 
of the material beyond the ultimate tensile stress. If Jorgensen’s 
[4] postulate, that ultimate pressure is reached when the bore 
stress equals the ultimate tensile stress, is accepted, then the 
limit of the full line in the pressure/expansion curve is the ulti- 
mate pressure. Ultimate pressures obtained in this way are 
shown in Figs. 27 and 28 and agree closely with the experimental 
results, 

Also in Figs. 27 and 28 are shown theoretical ultimate pressure 
curves calculated from the mean diameter formula and it can be 
concluded that this purely empirical formula is a simple and re- 
liable means of estimating ultimate pressure. 

Arial Strains. In the theory of the Appendix it is assumed that 
the axial strain is negligible and that the volume remains un- 
changed, these assumptions implying that the cross-sectional area 
is constant. Examination of the results shows that the axial 
strain was at no time more than 3 per cent of the diametral strain 
at the outer surface and it would obviously be a much smaller 
proportion of the bore strain so that the assumption of negligible 
axial strain is justified. Further, the 0.15 per cent carbon steel 
cylinder having a diameter ratio of 8.05, though strained beyond 
the ultimate pressure, was not burst, so that assumption of con- 
stant cross-sectional area could be checked. From the dimen- 
sions before and after the pressure test the area was found to 
have remained constant to within 0.5 per cent. The bore diame- 


Fig.29 0.15 per cent carbon steel; K = 8.05; longitudinal cross section 


ter had increased from 0,1737 to 0.3802 in., representing a bore 
shear strain of 1.57 per cent, and the diameter ratio had decreased 
from 8.05 to 3.80. Fig. 29 is a photograph of a longitudinal 
cross section of this cylinder. 

Failure of Thick-Walled Cylinders. The cylinders from 0.15 
per cent carbon steel exhibited a wide variety of forms of failure 
and photographs of some of them are given in Figs. 30 and 31. 
This material contained many longitudinal inclusions which it is 
seen often caused the formation of subsidiary cracks at the outer 
surface and the bore. 
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All of the Vibrac cylinders showed shear failures along a spiral 
path through the cylinder wall and a typical example is shown in 
Fig. 32. 

No firm conclusions have been drawn about the mechanism of 
failure. 


APPENDIX 


Theoretical Behavior of Thick-Walled Cylinders Under 
Internal Pressure 


The complete derivation of some of the following relations will 
be found in Timoshenko [11]. 


(a) Elastic Deformation 


From consideration of the equilibrium of an element of the 
cylinder wall it can be shown that 


(1) 


For an internal pressure P solution of equation (1 
following equations for the radial and hoop stresses 


leads to the 


For a closed-ended cylinder, assuming plane sections remain 


plane, it can be shown that the axial stress is uniform and is given 
by 


P 


Co => 
K? — 1 


This stress system is equivalent to a simple shear stress 


with a uniform triaxial or volumetric stress 
P 
K? —1 
The shear stress is a maximum at the cylinder bore whe 


K? 
K? — 1 


P. 


(b) Partially-Plastic Deformation 


It has been demonstrated by Crossland [2] that the yield in 
shear is unaffected by the volumetric stress, consequently in a 
thick-walled cylinder yield occurs when the maximum shear 
stress reaches the shear yield stress 7, 
upper yield point. 


, Or Ty, for materials with an 


For a material with an upper yield point the internal pressure 
to cause yielding at the bore from equation (7) is 


K? — | 
P 


ie K? 


It is assumed that the surface separating the elastic and plastic 
regions is cylindrical and concentric with the bore. In the plas- 
tic region the shear stress will be equal to the plastic shear yield 
stress T, and at the plastic-elastic boundary it will be 7,, if the 
material has a drop of stress at yield. It can be considered that at 


the interface, which is at radius r na, there is radial pressure 
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(c) External view; K = 2.25 


(b) Cross section; K = 1.46 (d) Cross section; K = 2.25 
Fig. 30 Failures in 0.15 per cent carbon steel cylinders 


P,, and that the pressure at the bore is P’, Considering the Combining equations (10) and (1) gives 


elastic outer shell and using equation (8 
. 


( Ka ) 
na 
(11) 


a ( Ka \? 
a 
na do, = 2T, 


region if it is assumed that o, is the mean of a, Integrating equation (11) between 1 


elastic region then from equation (5) : 
& | \ r = awhereo, = —P’ gives 


do, 


dr 


= na where o, = —P,, and 


In the plastic 


and g, as in the 

ees ee na 
= 27, log, 
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(b) Cross section; K = 3.55 


(d) Cross section; K = 4.97 


Fig. 31 Failures of 0.15 per cent carbon steel cylinders 


= 2 ‘ 
ey log, n (12) 
Substituting in equation (12) for P,, from equation (9) gives 


(K? — n?) 


K2 + T, log, n? (13) 


Oe 
Pom Te 


The collapse pressure, P,, is given by equation (12) or (13) when 


n= K, 


P, = T, log, K? (14) 


(c) Strains at Outer Surface 


When the cylinder is wholly elastic 
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é, = E 
4 


At the outer surface, however, ¢, 


cylinder 


so that equation (15) becomes 


Q and for a closed-ended 





(a) External view; K = 1.8 


and from equation (3) 


(17) 


— p) (18 


The axial strain, which is uniform across the cylinder, can be 


similarly deduced, its value being given by 
P 


: ~ (1 — 2p) 
E( K? — 1) “ 


(19 
When the inner portion of the cylinder wall is plastic up to r = na 


and the outer portion is elastic the value of o, at the outer surfact 


18 


2 

»P nr 

(d,) , = Z 
t/r= » ye 
"K? — n? 


and substituting for P,, from equation (9 


, n? 
(Op)rep = LT yy ® 
paste 


then from equations (21) and (16) 


f (2 — p) 

L€p)rep = Tiy E a K? 
Sometimes it is convenient to express equation (22) in terms of 
the outer surface at the initial yield pressure 


Tiy 


for l<n<K 


for n 


(d) Large Plastic Deformation 


In the analysis so far considered the ditaensional changes have 
been neglected, but in the region of the ultimate pressure the 
strains are considerable and dimensional changes cannot be 


neglected. 


It is assumed in the following that the axial plastic strain is 
This, 


coupled with the further assumption that there is no change of 


negligible, a fact verified by the results reported here. 


volume, leads to the conclusion that the area between any two 
radii remains constant during the expansion. Considering radii 
a and r this leads to the expression 
(r? t 2u,a + uu.) 2 (24 
If therefore a strained dimension is known or assumed for one 
radius, for instance a + u,, then the expansion at any radius can 
be computed from equation (24), 
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(b) Cross section; K = 1.8 


Fig. 32 Failure of Vibrac cylinder 


It is assumed that there is a unique relationship between the 
Mises-Hencky functions of stresses and strains or the octahedral 
shear stresses and strains as they are alternatively called. 

In a thick-walled cylinder a radius r ultimately becomes r + uw. 
Now consider an intermediate state when the radius is x and con- 
sider a displacement 6z, then 

6x 6x 


— and ¢ = —— 
x x 


€, = 


(25) 


since the cross-sectional area is constant. The corresponding in- 


crement in the Mises-Hencky function of strains will be 


(= _ Ox \? (= 2 (6x\?]'72 
t + t = 
x zx x zt 


In a torsion test for an increment of shear strain 6y the incre- 
ment in the Mises-Hencky function will be 


(26) 


(27) 


of length 1 and 
finally length 1 + »v, in an intermediate state has length y, say. 
Consider an increment in y of 6y then the three principal strains 
are 


Now, in a tension test, an element originally 


oy 6 _ by (28) 
y 2y 2y 


which gives an increment in the Mises-Hencky function of strains 
of 
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Table 5 


It is now possible to find the shear strain which is equivalent to 
the strain in a cylinder from (26) and (27) 


aud the shear strain equivalent to a displacement of wu at radius r 
is 


ae r+u 
2 = 2 log, ~ 
x r 


Similarly, the corresponding equivalent tensile strain, from 
equations (26) and (29), is 
q , 
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Table 6 0.15 per cent carbon steel 
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(1) Solution for Internal Pressure Based on Torsion Data 
assuming a radial displacement at the bore, the displacement at 
, and the 
equivalent shear strain from equation (31). From a torsion test on 


any other radius may be calculated from equation (24 


a solid specimen a shear stress-strain curve may be derived using 
the method described by Nadai [9] and the values of the shear 
stress corresponding to a given equivalent shear strain can be 
found. The internal pressure can then be computed by integrat- 
ing equation (1) and allowing for dimensional 


i + ub 
T 


/a+ta 


‘hanges, this gives 
P 2 
. 2 


integration is normally carried out arithmeticall 
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Table 7 Vibrac steel 
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LOWER 


Ybs/in? _ 


(34) 


(ii) Solution for Internal Pressure Based on Tension Data. With 
tension it is necessary to also establish the relationship between 
the tensile stress and the stresses in the thick-walled cylinder 
To obtain the equivalent tensile stress consider the Mises-Hencky 
function of stresses. For a cylinder this function is 


((o, — o,)? + (o, — 9,)? + (a, — 0,)7]' 


1/9 
] /2 
z j 


which can be simplified as the assumption of zero axial strain in 
the cylinder implies that o, is the mean of a, and o,, so the func- 
tion becomes 


In tension the Mises-Hencky function of stresses is 
‘202 (36) 


The equivalent tensile stress is then given by equating (36) and 
(35) 


(37) 


Assuming a radial displacement at the bore it is possible from 
equation (24) to calculate the displacement at any radius and 
from equation (32) to find the equivalent engineer’s tensile 
strain, €, = v/l. The tensile stress (based on original area of 
specimen) corresponding to this strain can be found from tension 
test data, and the true equivalent tensile stress o, can then be ob- 
tained by multiplying this stress by (1 + €,). Beyond ultimate 
o, may be found by using the method due to Bridgman [10]. 

The internal pressure is then given by integrating equation (1) 
as before 
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b+ ub o; 
—— dr +u) 
ome OS ( 


P, = 


b+u 9 o 
— 1 ) d(r + u) 


a+ua v3 (r + u 


Again this is normally solved arithmetically 


r=b 
1 o 
P = 9 e 
> ee ae a + u) 


7= Gg 
(e) Computation of Pressure-Expansion Curve at Large Strains 


The method for deriving the pressure-expansion curve and 
hence finding the ultimate pressure for a given cylinder is due to 
Manning [3]. 

A thick-walled cylinder with a large diameter ratio is assumed 
to have a convenient and sufficiently large bore strain and the 
equivalent strains throughout the cylinder are computed from 
equations (24), (31), and (32). In Table 5 a cylinder of diameter 
ratio equal to 28 and having a bore strain of 1 has been assumed 
and the equivalent shear and engineer’s tensile strains are given 
in columns 6 and 8, respectively. Corresponding values of the 
shear stress are obtained from torsion data and the summation 
equation (34) evaluated at each interval as in Tables 6 and 7. 
This summation represents the distribution of radial stress 
throughout the wall of the assumed thick-walled cylinder and 
may be plotted against log r as in Fig. 33. 

The pressure-expansion curve for a cylinder of given diameter 
ratio is obtained by considering a pair of ordinates a distance 
equivalent to log A apart and moving along the r-axis from right 
to left. At any position the strain at the outer surface will be 
that for the value of r corresponding to the right-hand ordinate 
(and equal to u/r from Table 5) and the corresponding internal 
pressure is given by the vertical distance between the intersec- 
tions of the ordinates and the radial stress-log r curve. 

Alternatively values of the equivalent tensile stress from a ten- 
sion test may be used and the summation equation (39) evaluated 
asin Tables 6 and 7. This gives another radial stress-log r curve 


also shown in Fig. 33 from which the pressure-expansion 


curve for any given cylinder may be obtained as before. 
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DISCUSSION 
W. R. D. Manning? 


This is a study of the correlation between stress/strain rela- 
tions under three different types of loading, namely, cylinders 
under internal pressure, tensile tests, and torsion tests, all under 
conditions of gross deformation. The experimental work (which 
incidentally has also been published by The Institution of 
Mechanical Engineers in Britain) has been carried out with 
refined apparatus, and great care was taken both in the selection 
of the specimens and in the measurement of the loads, pressures, 
and deformations. Two different types of steel were studied, 
a low carbon steel and a nickel-chrome-molybdenum steel, the 
latter being supplied by the English Steel Corp. of Sheffield, 
England, under the name of “Vibrac.’’. The bars used in both 
cases had been specially selected and could, therefore, be regarded 
as representative of the best quality materials in their respective 
classes. 

Basic derived from 
both torsion and tensile tests and from these data a theoretical 
investigation was made of the progressive deformation of the 
cylinders, which was then compared with the actual test results. 


shear stress/strain characteristics were 


It is shown that the use of torsion data gives curves for the dilata- 
tion of the Vibrae cylinders up to their bursting pressures which 
The low 


ever, was shown to have a marked drop between its upper and 


agree very well with experiment carbon steel, how- 
lower yield stress, both in the torsion and the tensile tests, but 
the results are also satisfactory in respect of cylinder bursting, 
although they could hardly have much real bearing on the earlier 
stages of plastic flow, since the theory is based on the issumption 
that the boundary between elastic and plastic material in a 
evlinder remains 


a concentric circle gradually spreading out- 
ward; in fact, it is known that in such cases overstrain pro- 


duces wedges of plastic material which penetrate through the 
section on a relatively front 


narrow and cause distortion from 


the circular as they do so. This distortion was duly observed 
as is noted in the paper. 

The correlation of shear stress/strain relations between tensile 
tests and the cylinders is discussed at considerable length in an 
appendix, where the basis used is the Mises-Henecky 


of stress and 


lunetion 

The 

com slication, sjnee it is 
I 


1 mathematically similar function of strain 
latter would seem to be an unnecessary 
also assumed that the material does not change its density and, 
therefore, any symmetrical function of the greatest and least 
strains will presumably be unique and equally valid for a correla 
these They 


that the resulting theoretical curves for diametral expansion of 


tion of the kind earried out by iuthors point out 


the cylinders with rising pressure lie above those computes 


from a torsion test, and they go on to explain that this is to be 
expected in view of the much more uniform distribution of stress 
tensile test 


in a and the considerable stress gradient in the 


eyvlinder. <A point they have not mentioned is that 


the material in the neck of the tensile specimen immediately 


however, 


before breaking may very easily contain actual cavities as the 
result of the triple tension caused by the neck, and the stresses 
and strains cannot, therefore, be reliably computed from the 
normal test records, even when these include (as in this case 
measurements of the actual profile of the neck. 

Finally, it is difficult to see that useful purpose is served by 
discussing purely empirical equations for the limiting pressures 
of cylinders. The so-called “Jorgensen postulate’? may well be a 
useful rule for designers when dealing with material for which it 
has already been shown to apply by experiment, or by 


the 


more 


fundamental analysis such as authors describe. Since, 
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however, such formulas have no true connection with the Table 8 
mechanism of these proce ss s, this writer fe els that a designer ——_—.15 per cent carbon steel—_—__—. 
would be foolhardy indeed if he used any of them when dealing ou = 54,600 psi 
with new materials. Moreover, it is neither difficult nor ex- é&, = 0.25 
pensive to obtain a torsion test record and thence to derive the —Maximum pressure— 
Theoretical Exper. 
value* value 
(P.) CP.) 
n.a. 95,000 
n.a. 86, 000 
80,872 80,000 
70,046 70,000 
63, 185 63,000 
58,823 59, 000 
49 344 50,000 
40, 900 42,000 
31,839 32,000 
19, O87 19,500 


limiting cylinder pressures by the methods shown here. 


F. Rimrott® and J. Marin‘ 


The authors have made a valuable contribution by obtaining 


So 


xperimental results on a subject on which adequate results are 
The authors were successful in testing thick-walled 
linders with diameter ratios up to 8.05. The resuits on these 
very thick-walled cylinders are significant since they make possible 
more complete verification of the theoretical strength. The 


Rew Whe 
ee 


iuthors use the torsion test instead of the usually employed ten- 
is a basis for predicting the strength of thick-walled a Vibrac steel— 
ou = 121,000 psi 
é, = 0.10 
—Maximum pressure— 
retical strength values based upon the ten Theoretical Exper. 


sure vessels. They find that theoretical strength predictions 
upon the torsion test are in better agreement with their 


further experiments will be needed to prove ; value* value 
(Pu) (Pu 
88,041 89 , 500 


. ‘ . : 74,659 76, 000 
for strength predictions since theories of plasticity . 59 G98 61500 
behavior of a member from the uniaxial 4 42,7: 13,500 


24,000 


that the torsion test is preferable for strength predic- 


} 


should also be noted that the tension test would be a 


» the tension test for interpretation of the 
, , _ 4 
illed cylinders, the authors assume that : aa loge K 
u 
re is reached when the stress at the bore 


nsile stress. The authors have recentls ning’s method is cumbersome and the mean diameter formula is 
ae eee issumption is not always correct but based upon incorrect assumptions. It is suggested that a new 
anenbess ee ee with the mula (1), recently proposed by the authors, be considered for 
own in Fig. 34, the significant etress at defining in a simple way strength of thick-walled cylinders. By 
m press = — _ il the ultimate tensile tis formula, the maximum pressure is defined bv . 
ratio of about 2 


compared their test results with Manning’s 2 


Oy . 
mean diameter formula However, Man- 3 ‘3 “ores oe, # 

e T ey 
Department of Engineering Mechanics, The 


University, University Park, Pa. Assoc. Mem. where 


f Engineering Mechanics, The Pennsylvani: K the ratio of the outer to the inner radius 


rsity Park, Pa. Mem. ASME. 0, = the nominal ultimate tensile stress 
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€, = the nominal tensile strain at the nominal ultimate tensile 
stress 


The formula is proposed for values of K less than 5. Table 8 
shows the excellent agreement obtained between the predicted 
values using the foregoing formula and the actual pressure values. 

It should also be noted that a need exists for further studies 
regarding the failure of thick-walled cylinders as they relate to 
types and mechanisms of fracture. Theories for the maximum 
pressure have been proposed based upon the assumed existence of 
a point of instability. For some less ductile materials and for 
very thick-walled vessels, failure by fracture prior to instability 
may occur. In such cases, predictions based upon assumed points 
of instability are inadequate. 


G. D. Galletly® 


The correlation between experimental and theoretical ultimate 
pressures given by the authors is certainly most impressive. 
However, aside from the use of Jorgensen’s postulate, there 
appears to be little in this long paper that was not given pre- 
viously in the authors’ reference [1]. 

Since Crossland and Bones also presented an ultimate pressure- 
diameter ratio curve for the 0.3 per cent carbon steel in reference 
[1] and compared it with the results of torsion tests and the 
mean-diameter formula, the writer would be interested in 
knowing why it was not mentioned (if only briefly) in the present 
work. 

The writer also notes that the authors do not 
work of 


reference the 
Marin and Rimrott? on this subject 
Presumably these papers were not available to them. 


Svensson® or 
However, 
the writer believes that it would be helpful to readers of the 
journal if the present authors discussed the theories proposed in 
references (6 


and (7) in comparison with their own. 


Authors’ Closures 


By S. M. Jorgensen 

I am very pleased that Mr. Manning could contribute to this 
meeting, because it was through his work that 
terested in this subject. 


I became in- 
It was Mr. Manning who first pointed 
out, in 1945, the similarity in stress distribution in heavy- 
walled cylinders and torsion test specimens, and showed how 
this could be used to evaluate bursting pressures 

I agree with Mr. Manning that stresses and strains in the range 
where necking takes place cannot be reliably evaluated. I 
believe this is one of the reasons for the larger test deviations 
for the very heavy cylinders, which will have comparatively 
heavy inner layers with strains corresponding to necking range. 

With regard to the empirical equations and Mr. Manning’s 
opinion in such equations, I agree that such formulas should be 
used only as a last resort. A number of empirical heavy-wall 
formulas have been proposed, and quite a number of them ona 
very shaky basis. 

The mean diameter formula is in this category. It is included 
here because its fairly close accuracy in predicting bursting pres- 
sure is quite amazing. It is a very handy tool when a quick, 
approximate estimate is needed. 

The empirical formula that I have suggested contains com- 
paratively little empiricism because it is an equation for the 
actual pressure-summation curve. 

I certainly agree that a torsion test record is neither difficult nor 

5 Shell Development Company, Emeryville, Calif 
ASME 

6N. L. Svensson, ‘‘The Bursting Pressure of 
Spherical Vessels,”” ASME Paper No. 57—A-15 

7 J. Marin and F. P. J. Rimrott, ‘Design of Thick-Walled Pressure 
Vessels Based Upon the Plastic Range,’’ Welding Research Council 
Bulletin No. 41, July, 1958, New York, N. Y. 


Assoc. Mem. 
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expensive, but try and get one out of a steel company. 
difficult enough to get a simple tensile stress-strain record. 

I share Professor Marin’s opinion that a tensile test may even- 
tually prove equal to a torsion test as a basis for strength predic- 
tions. 

I want to point out again that the assumption of the bore stress 
being equal to the ultimate tensile stress has been used only 
in case of what we called an empirical formula. For the two 
steels that were tested, this assumption held, up to a K ratio of 
4 for the 0.15 per cent carbon steel, and up to K = 
tensile steel. 
higher ratio. 

Messrs. 


It is 


2 for the high 
The high tensile steel could not be tested to any 


timrott and Marin have proposed an empirical 
formula which they have checked against our experimental 
data and which shows excellent agreement. 

The empirical formula, which was published by the author in 
reference [4], contained a ductility factor as measured by the 
nominal strain corresponding to the ultimate stress. 
factor is included in the 


A similar 
{imrott-Marin formula. 
for this factor is quite obvious when it is realized that the bursting 


The necessity 


pressure is a function of the area under the stress-strain curve. 

It is true that there is a need for further studies on this sub- 
ject, and it is my sincere hope that the discussion here will have 
underlined this need, and that the industries which use this type of 
equipment will undertake such studies or will support such 
studies through the Pressure Vessel Research Committee. 


By 8. Crossland and J. A. Bones 


We wish to thank Mr. Manning, Professor Marin, and Dr 
Rimrott for their interesting contributions to the discussion 
In reply to Mr. Manning, though the 0.15 per cent carbon steel 
cylinders did not strain symmetrically in the partially plastic 
region, it was interesting to note that symmetry was restored 
when the cylinder became completely plastic, and the collapse 
pressure agreed very well with that predicted on the assumption 
of symmetrical yielding. 

Though it was true that a cavity frequently formed at the neck 
of a tension specimen, the authors thought that as soon as it 
formed, failure would 
stored in the 


occur immediately, unless the energy 


small. They 
would also have thought there would be a noticeable change in the 


testing machine was extremely 
slope of the strain hardening curve (Fig. 13) as soon as a cavity 
was formed. One of the authors had several times sectioned 
specimens which had been pulled nearly to failure, but he had 
unfortunately never managed to find a cavity. 

In general, the authors agreed that it was desirable to carry out 
the fundamental analysis based on torsion results which they 
But if, the only 


data available were either the ultimate tensile strength or an 


had suggested. as was frequently the case, 
autographic record from a tension test, then it was necessary to 
resort to one of the empirical equations suggested, and it was not 
at all a bad thing to see how they agreed with experiment for the 
two materials investigated. 

Though, as Professor Marin and Dr. Rimrott stated, the 
authors mainly used torsion test data, they had also provided 
very comprehensive tension test data, and had worked out the 
theoretical from both Fundamentally, 
what was required for computation on thick-walled cylinders was 


ultimate pressures 
shear stress-strain data over the complete range of strains té 
failure. These data could nominally be obtained from any other 
simple test on the same material, but could be most easily and 
accurately obtained, especially in the region of large strains, from 
test. available 
in industry and it is to be regretted that torsion data are very 


a torsion Tension data were more commonly 


rarely equally accessible. 
In Fig. 23, the end of the full line for the theoretical curves 
based on tension data indicates the point at which the equivalent 
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tensile stress at the bore of the cylinder reaches the ulti- 
Marin and Dr. Rimrott 


will no doubt realize that the authors appreciated that the as- 


mate tensile stress. So Professor 
sumption, that the ultimate pressure was reached when the stress 
at, the bore equals the ultimate tensile stress, was purely empirical, 
but it happens to give values of the ultimate pressure which were 
in good agreement with experiment. 

It has been frequently stated that Manning’s method is cum- 
bersome, but those who have used the method would not agree 
It must be realized that Table 5 had only to 
be worked out once, and the rest of the computation certainly 


that this is true. 


did not take more than two or three hours. 

The equation proposed by Professor Marin and Dr. Rimrott 
involves many more assumptions than the complete analysis given 
in the paper, and is limited in its range of application. Com- 
pleting their Table 1, the theoretical values for the 0.15 per cent 
6.02 and 8.05 are 90,700 Ib/sq in. 
, and the deviation + 5'/:and + 11 per cent, 


carbon steel cylinders of K 
and 105,200 lb/sq in 
respectively. So the accuracy, over the full range of results, 
was little better than that given by the mean diameter formula. 
The authors agreed that for less ductile materials failure by 
fracture prior to instability would occur: If the shear strain at 
fracture was constant, then it would be very simple, by using 
the methods advocated in this paper, to determine the pressure 
Unfortunately, 
the shear strain at failure 


at which this critical shear strain was reached. 
is has been shown by Crossland [2], 
was some function of the volumetric stress acting; as a result 
the shear strain at failure in a cylinder would be less than in a 
torsion test as there was a volumetric tensile stress in the cylinder 
which would reduce the ductility. 

Mr. Galletly is hardly correct in saying there is little in our 
paper that has not already been reported in reference [1]. In 


114 / may 


1959 


fact, the theoretical treatment has been extended to cover the 
derivation of the pressure-expansion curve from tension results, 
and this made it necessary to make measurements of the di- 
ameter of the neck and the radius of curvature of the neck in the 
transverse plane during the tension tests in order that the true 
stress could be computed from Bridgman’s analysis. 

The reason for not including the results of the tests on 0.3 per 
cent carbon steel was that these tests were carried out much 
Subsequently as the result 
of correspondence with Mr. Jorgensen it was decided to include 


earlier and published separately. 


comprehensive tension tests in future test programs, but un- 
fortunately none of the 0.3 per cent carbon steel was left and 
consequently no comprehensive tension data could be obtained 
for this batch of material. 

The authors have now seen the papers by Svensson and 
Marin and Rimrott, which were not available when they wrote 
Though this work was extremely interesting they 
could not see any real advantage in using some hypothetical 


their paper. 


equation for the stress-strain curve, unless this represented a 
considerable saving in time. 
possible to carry out the arithmetical integration they had sug- 


This appeared unlikely as it was 


gested and abstract perhaps six pressure expansion curves in 
three to four hours, and their method had the added advantage of 
using the actual stress-strain curve. 

Marin and Rimrott had suggested yet another near empirical 
equation which was little, if at all, better than the mean diameter 
formula, which they had found fitted their results remarkably 
well. However, we would prefer to work from torsion data, 
and we thought the paper presented had shown the advantages of 
this beyond any reasonable doubt. All that remained was for the 
steel companies to provide comprehensive torsion data as a mat- 
ter of course. 
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Weight Loadings of Furnace Tubes 
on Multiple Supports 


Analysis of creep stress-strain relationships is made for horizontally supported furnace 
tubes including the effect of tube weight and internal pressure. Steady-state creep effects 
through the tube wall due to axially symmetrical heat input are also analyzed for these 
The original Bailey approach to the pressure problem only is extended to 
the larger scope undertaken. 


Maximum permissible tube spans are derived based on 


accepted criteria for creep stress and deflections. 

The results of this work indicate that maximum allowable tube spans may often be 
theoretically increased beyond present usual design limits except for a few specific ma- 
terials and instances where short spans are required at very high temperatures. In 
actual tube design, consideration should be given to experience in operation of any 


particular type of furnace so that secondary effects may be minimized. 


Increased 


economies in costs and flexibility tn furnace layout as well as rational span determina- 
tion are expected from use of these results. 


Introduction 


Ra specifications of many companies often contain 


rules limiting the extent of furnace tube spans regardless of vary- 
ing conditions of temperature, material, or type of service. A 
typical rule is to keep the span within a minimum of 25 diameters 
and a maximum of 35 diameters. 
scure. 


The origin of these rules is ob- 
In practice, the lower limit (and sometimes even shorter 
spans) have been arbitrarily selected for large tube diameters in 
extremely high temperature service. On the other hand, the 35- 
diameter limit has usually been rigidly maintained even for small, 
thick tubes operating below the creep range. The technical 
literature, in general, has apparently ignored this problem. 

In addition to finding a rational method for setting tube spans, 
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Nomenclature 


another objective of this investigation has been to achieve 
economies by reducing the number of alloy support castings and 
main structural frames required in a furnace, these savings being 
An addi- 


tional aim has been to eliminate clumsy layout problems often 


reflected in lower furnace material and erection costs. 


arising because of tube support spacing restrictions in furnaces 
with multiple stacks or multiple tube diameters. Similarly, ra- 
tional spacing for very high temperature work was urgently re- 
quired. 

The maximum shear theory and Bailey’s original method of 
utilizing secondary creep data [1]! have been adopted as a basis 
for the theoretical work. More recent investigators, as Marin and 
Pao [2, 3, 4] and Soderberg [5] have used some form of the dis- 
tortion energy principle or Bailey’s later method of obtaining 
secondary creep rates [6] in their work on pressure cylinders. 
However, a very good case, based on experimental work on 
chromium steel tubes, was made by Coflin, Shepler, and Cherniak 
[7] in favor of the maximum shear theory. It is believed that the 
nature of the results given herein would not differ to any appre- 
ciable extent, regardless of the type of strength theory employed 
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calculated and allowa- 
ble values, 
tively of 


7, %, = 
respec- 
shearing 


stress, psi 


. = circumferential, — ra- 
dial, and axial pres- 
sure stresses, re- 

spectively, psi 
axial weight stress 
and permissible ax- 
ial weight 


stress, 


respectively, psi 


bending moment, in- 


lb 
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elementary 


horizontal, 


radius and angle to \ 


radius of curvature of 


axial 


area of unit deformation 
tube cross section subscripts denoting 
vertical, inner and outer wall 
and axial co-ordi- of tube 


nates of tube cross denoting 


points P and F, and 


subscripts 
section 


and Ul’, respee- 
any point, 5 tively (Fig. 3 


inner and outer tube 


material constants 
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in. 

equivalent material 
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heat flow effects 


beam 
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in the investigation. For this reason, the maximum shear theory 
has been adopted, principally, so that derived results of this in- 
vestigation could fit conveniently into a relatively concise tube 
calculation method. 

It is recognized that due consideration should be given for any 
furnace to the many complex effects attendant upon actual opera- 
tion. Some of these pertain to the complicated variation of tem- 
perature in adjacent tubes, fouling conditions, circumferential 
temperature variations, and reactions from external piping sys- 
tems. These factors should be studied in conjunction with a 
rational and analytical theory prior to instituting changes in de- 
sign based on long experience 


Permissible Stress Limits 


According to the maximum shear theory, the condition govern- 
ing design is that the calculated maximum shearing stress at any 
point shall not exceed the permissible shearing stress for the ma- 
terial. It may be shown [1] that for a thick-walled cylinder, sub- 
jected to internal pressure and operating in the creep range, this 
maximum shear stress occurs at the inside surface of the cylinder. 
This may be expressed in terms of principal stresses as follows: 


tT = 1/2(09 — o,) = T, (1) 


where 7 is the calculated shearing stress, o@ is the circumferential 
stress and o, is the radial stress occurring at the inside surface, 
Bailey [1] has de- 
veloped formulas for 7 based on pressure, radius, thickness, and 
material constants. 


and 7, 1s the 


a 


permissible shearing stress. 


When a tube is supported horizontally, the bending moment 
due to tube weight (including contents and fins) adds axial com- 
pressive and tensile stresses to the upper and lower parts of the 
tube, depending on the point at which the moment is taken. 
In order that no additional strength beyond that called for by 7 
e required, the algebraic sum of the axial pressure and weight 
stresses may not exceed either of the principal stresses o¢ or o,. 
The limiting conditions for the inside surfaces (which will be 
shown further to be critical locations) are, at the compressive 
side: 


ind at the tension side 0,7 o'n = G8 (3 


where 0,18 the axial pressure stress and o'n is the axial weight 
tress at points P and F (Fig. 2). 
Substituting in Equation (1): 

] 2 0a 


at the compression side 


at the tension side 


Nomenclature 


It may be demonstrated, from the concept of volume constancy, 
that the condition of zero axial creep in a thin wall tube under 
pressure alone corresponds to setting a9 = 20,. As it is also 
reasonable to stipulate zero axial creep in a thick-walled tube under 
internal pressure, an infinitesimally thin layer at the inner surface 
of the tube can be assumed to be under creep conditions similar to 
that of a thin-walled tube. Also, triaxial hydrostatic stresses in- 
duce no change in creep characteristics, so that o, may be sub- 


tracted from the stress system of the thin element (see Fig. 1). 


Or - oO, 


Or - Oy = O 


Fig. 1 Equivalent pressure stresses 
The postulate of zero axial creep then requires (from volume 
constancy) that the circumferential stress be twice the axial: 


09 — Oo, = Aa, — G,) (6) 
or 09 = 20, — GO, (7) 


Including now the effect of the axial weight stress, Equation (7) 
may be substituted in Equation (4), giving the same result as 
Equation (5). This indicates that the critical value of shearing 
stress when the bending moment is applied occurs simultaneously 
at top and bottom of the inner face of the tube. 
tions (1), (4), and (5), 


Solving Equa- 


(8) 


I’xpressed this way, 0’ = o’,,, the maximum allowable axial 
bending stress which may be added to the tube under pressure 
without adding additional strength. Simplifying Equation (8): 


O'.4 = 27, —T (9) 
For the special case when the pressure thickness is fully utilized 
in design (i.e., 7 = 7,), Equation (9) reduces to: 


(10) 
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inside, internal pressure, psi 


average heat-transfer 
Btu/hr/sq ft 

temperature, deg F 

metal conductivity, 
Btu/hr/sq — ft/in/ 


deg F 


intercepts on log € 


rate, 
ameters, respec- 
tively, in. 

tube 


thickness, in. 


wall 


ticular material and 
tube cross section 
(defined in text) 


scale 
intercepts on log oa’, 
scale 
static deflection, in. 
psi N = points on tube cross 
section (Fig. 3) 
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Creep Conditions in Furnace Tubes Without Heat Transfer 
Case of Low Pressure Stress 


Creep Stress. If the tube is at creep temperature, its rate of axial 
creep € (expressed in inches per inch per hour) due to an applied 
external load alone (no pressure) has been found by many investi- 
gators [1, 4, 6] to obey the following physical relationship in the 
steady state: 


é = B(o',)” (11) 
where B and n are material constants for a given temperature. 
The analysis in this section is based, accordingly, on the case 
of zero pressure stress. It may be reasonably used, nevertheless, 
when actual tube thickness is much larger than indicated by 
accurate stress analysis. See discussion of equations (31) and 
(32). This often occurs in practice due to minimum thickness 
requirements, safety factors, and corrosion allowances. 
Assuming that a plane cross section before bending remains 
plane [8], the axial strain rate will be proportional to the dis- 
tance of a fiber from the neutral axis (see Fig. 3): 
. R sin 6 
— =- — (12) 
€; R; 
where subscript 1 refers to points P and F of the tube. 
As shown in Appendix 1, acceptance of these criteria leads to a 
relationship between o’,; and bending moment M given by: 


3n + 1 M(R,)""" 
on = ~ : 3n+1 : 


ci) * 


3n+1 (13) 


The value of the bending moment corresponds to a uniformly 
loaded continuous beam over multiple supports with small over- 
hangs at the ends, represented by return headers. It may be ex- 
pressed as cwL?, where w is weight in lb/ft, L is span length in feet, 
and M is expressed in ft-lb. The value of c depends on the num- 
ber of supports, the point at which the moment is taken and de- 
tails of the overhang. For these conditions the maximum value of 
c is usually about 1/10, although it occasionally reaches 1/8. For 
this reason, and also to allow for the effect of unequal resting of 
the tube on the supports, the higher value is used here. Substi- 
tuting for M in Equation (13) and converting it into in-lb with R 
in inches and @ in psi, the following results: 


1.5wL?R,!* 
~ 8n+1 css a 
(i) * =— 8%) * 


3n +1 


O si 
4n 


Solving for Z, max, the maximum permissible span length, in feet, 


on the basis of stress criteria, and substituting o’,, for o’,:: 
’ aa 


3n+1 an+1\'/s 


20 ca 4n (R,.) ® —(R,) ” 
Ly max _ = = $$$ (14 
3w Sa 1 (R,)'" 


It is seen that for relatively high values of n and particularly for 
ratios of R,/R; approaching unity (as in thin-walled tubes) this 


becomes: 
20’ 4 1/3 
L, a : ” - R,' _ 2?) 
3w 3 ( mac 


This, in turn, factors and simplifies to an expression which may be 
used for the case of no heat transfer: 
1 
o' gh /: 
w 


where d,, is the average tube diameter, in inches, and h is the 
average wall thickness, in inches. 


L. max = 0824 ( (15) 
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Deflection Under Creep Conditions. Considering steady-state creep 
data only, Equation (11) may be expressed in terms of unit 
deformation de and unit time dé as follows: 


l 
ae P= B(o' \n 


16) 
dt ‘ 


Integrating and applying Equation (46) of Appendix 1: 


a = B(o'sn)"t (17) 
For a beam subject to bending, the following elementary rela- 
tionships may be applied to a cylindrical cross section: 


R, 


Te 


d*y _ | 


19) 
dz? r ( 


c 


where r, is the radius of curvature of the elementary beam section 
and y and z are vertical and axial co-ordinates of the cylindrical 
beam. 

An equation for M in terms of z is also required. Selection of 
the end moments at the supports is dependent on number of sup- 
ports and details of the overhang, as noted previously. As a 
conservative approach, with particular reference to the end 
spans, the end moments have been chosen (in in-lb) as 1/40 wL?-12 
in deflection calculations for the purpose of this investigation. 
This gives a moment of 1/10 wL?-12 at the center. 

Under creep conditions obeying the stipulations just made, it 
can be shown that the maximum deflection may be expressed as: 

__ Qanw"(L)* #2412)" +4 _— 
Yoax ~ (10)"*(d,,)"*(27,h)" 
where 7,, in keeping with usual design practice, is the stress cor- 
responding to a uniaxial tensile creep rate of one per cent in 10,000 
hours, and v may be obtained from Fig. 2. The detailed deriva- 
tion of this result is shown in Appendix 2 


ie, 
a 





a ee eo 
23 4 


1 5 6 


Fig. 2 Expression v versus ,n 


It becomes necessary at this junction to establish criteria for 
Ymax With relation to ¢. For this purpose, recourse has been had 
in these derivations to a rule of thumb used by many refinery 
operators, whereby tubes are retired when they can no longer be 
seen through due to creep. The refinery life, ¢, is taken here as 
75,000 hours which is undoubtedly a severe condition for the tube. 
This corresponds to a 10-year plant life with an 85 per cent on- 
stream efficiency, although the total tube life is, to a great extent, 
determined by the design creep stress. Other ratios of ymax/t may 
be selected depending on design considerations, yielding slightly 


different results, as may be seen below. Also, d,, has been sub- 
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stituted for ymax a8 a close approximation for thin-walled tubes. 
Making these substitutions and writing Lamax for L, the maximum 
permissible span 


in feet), as conditioned by the limiting creep de- 


[( 


The middle two expressions of these four terms in Equation 
Their product for 3 is 1.14, for 
6 is 1.24. For simplicity of engineering 
onservative product value of 1.15 will be adopted in 


flection, become Bs 


are functions of n only. 
n fis 1.17, 
design, a ¢ 
this study 


that 


and for n 


It may also be seen from inspection of these equations 
This 


justifies, for engineering usage, many of the approximations made 


certain factors have only a slight effect on La max. 


in the derivations. These include selection of the particular ratio 
for Ymax/t, and the substitution of d,, instead of inside diameter for 
Ymax. ach of these factors affects L4 max only to the 1/(2n + 2 
power, or for practical purposes, from the 0.07 to the 0.12 power. 
Actual end moment conditions, however, will often considerably 
increase La 


With 


written in the form 


substitution of 1/n, Equation (22) may then be 


} 
i 


k\*" 26 
licen = LASAS ("= ) 
Ww 


which is similar to the form of Equation (15), particularly, since 
es i when the pressure thickness is fully utilized. 


Creep Conditions in Furnace Tubes With Heat Transfer 
Case of Low Pressure Stress 


The preceding derivations were based on the simplifying as- 
sumption that there was no heat flow into or out of the tube. In 
actual 
outside 


practice, a refinery furnace tube will receive heat from 
resulting in a radial temperature gradient through the 
metal wall. In other services, a tube may be surrounded by a 
cooling medium, in which case there will be a reverse temperature 
gradient. 

It will be recalled that the values of B and n were defined as 
material constants for a given temperature. As the temperature 
varies through the w ill, B and n will likewise vary. It becomes 
necessary to find the effect of this variation on creep stress and 
deflection 

For the condition of axially symmetrical heat input under 
steady-state creep conditions, it is shown (in Appendix 3) that a 
new general creep stress-strain rate relationship may be expressed 
by the following: 


Table 1 


Very low 
heat transfer 


Very 
heat 
transfer 


high 
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Inner and outer wall stresses for various values of b’,,. 


é = BYo',)”’ (24) 


B' and n’ are here terms expressing both material constants and 
heat-transfer effects for the tube under weight stresses. The im- 
portant term n’ may be evaluated from: 

1 Qad, 


- = bb’. =b— 
n' i oC 


where Q is heat-transfer rate, in Btu/hr/sq ft, a is the average in- 
crease in stress interval between constant temperature lines of log 
a’, versus log € per decrease in temperature, d, is outside diameter, 
in inches, and C is metal thermal conductivity, in Btu/hr/sq ft/ 
in/deg F. 

Derivation of the complete stress relationship including the 
effect of heat transfer (Appendix 4) is now possible. 
(13) is then modified to: 


Equation 


M(R,)""! 
3n’+1 


(CE) ™ 


bya 
3n’+1 (26) 


= (R;) n’ 


It may similarly be shown that the stress o’,2, at the extreme 


outer fibers (points N and U in Fig. 3) may be expressed as: 


M(R,)'!*" 
3n’+1 3n’+1 
(R,) n’ = (R;) n’ 


(27) 


Evaluation of Equation (25) for typical values of heat-transfer 
rate and substitution in Equations (26) and (27) gives the infor- 
mation in Table 1. 

Adjunct to Table 1, the following is the effect of heat transfer 
giving the order of magnitude of n’ for refinery furnaces: 


For no or low heat-transfer rate n’ is ~3 to « 

For moderate heat-transfer rate n’ to —2 

For very high heat-transfer rate n’is —1 to —0.25 
and large diameter 


is ~— 


Study of Table 1 shows that the effect of increasing heat trans- 
fer is to decrease outer fiber stress and to increase inner fiber stress. 
When n’ is ©, both stresses are equal. For high heat transfer, 
the inner fiber stress is larger. It is only for the case of heat trans- 
fer being close to zero (n’ = 3 to 6) that outer fiber stress becomes 
larger (not shown in table). For all practical values of heat 
transfer, accordingly, adoption of o’ based on n’ = —0.5 should 
prove quite acceptable. Substituting and simplifying in a manner 
similar to development of Equation (15), the following equation 


results: 
a’ ah ' 
La max = 0.82d; ( . ) 
w 


where d; is inside diameter and o’,, is the allowable stress, from 
Equation (9), at the inner wall temperature. For exceptionally 
high heat-transfer rate (by present refinery furnace standards) 


(28) 


and large tube diameters, Ly max will be proportional to an 


Case of low pressure stress. 
3n’+1 
n’ 
oi nee o's 
—R; " approx. approx. 
M M 
SUE ices 3 7 ‘ ~ 
™ ™ (dm)?h  (dm)*h 
; M / M 
did h dodmh 
M M ; 
(d.)*h 


o 


Ro — Ri 


(di)*h 
d.M ‘d;M 


Ro! — Ri 


(dy)*h (do)%h 
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equivalent diameter somewhat less than d,;. However, this is 
undoubtedly too extreme for setting standard design. 

It is also shown (in Appendix 4) that the maximum deflection 
for the condition of radial heat transfer will also be modified. 
The effect of heat transfer is to transform Equation (20) into: 


2B,v(w)"( LZ)?" +2412)" +2 


; 29 
(10)"*(d,)3**1(h)* (29) 


Ymax 
where B; is the value of material constant B at the inner wall tem- 
perature 

From the assumption that a plane section before bending re- 
mains plane, the same equation may also be derived using 0’, 
B,, and d, as a basis, where B, is the value of B at the outer wall 
temperature. 

Using the same limits as defined previously for no heat flow 
regarding deflection, time, and creep stress, Lamax becomes: 


1 


> +L OF 
rah ae 
w 


where 7, is the allowable shearing stress at the inner wall tem- 
perature. 


Lixaes _ 1.15d,; (30) 


Creep Conditions in Furnace Tubes 
Case of High Pressure Stress 


Creep Stress. When the tube thickness actually used is not sub- 
stantially greater than that required for pressure, the addition of 
axial weight stresses induces significant changes in creep rates for 
the triaxial stress condition. Utilizing the maximum shear 
theory, it may be shown (7) that the axial creep rate may be 
given as 

e = Bio’, 


(og — a,)"~! (31) 


, 


when o¢ is larger than a, + 0’,. 


When o¢ is smaller than ¢, + o’,, 
as may be the case when thickness is not fully utilized for pressure, 
the axial creep rate may be given as 


€ = B(o',(o', +0 


+@-e)" (32) 
which is seen to reduce to Equation (11) for the case of zero pres- 
sure stress. 

The following derivations are based on the creep law given by 
Equation (31). To a great extent the manner of solution as well 
as the discussion given in previous sections are pertinent here as 
well. 

As shown in Appendix 5, adoption of aecepted relationships for 
pressure stress, as well as Equation (31), leads to the following 


3n—2 


Mi R;) n 


On a 6in 


(i) = —(R;) ” 


With the same coefficients for bending moment as previously 
used, this gives 


I - (22 ( _™n Le) os 
tg 7 3w 6n — 2 =. 
(R;) 

(34) 


Deflection Under Creep Conditions. Integrating Equation (31) for 


steady-state creep, we get 


€, = B(¢'n)(00 — On)" (35) 


As shown in Appendix 5, use of this equation for deformation and 
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similar assumptions for bending moment as made in the case of 
low pressure stress, leads to the following equation for maximum 
deflection: 


0.99wL4t(12)3(o0. — on)"~! 6n 
108(27r,)" 


Ymax 


(R,) = (R;) “ 


As before, setting arbitrary criteria of ymax 2R, and t 75,000 
hours, we may solve for maximum permissible length on the 


basis of deflection criteria, giving 


n 
La max 


6n—271!/¢ 
7 

— (R,;) ” = 

(2 

9 (od) 
n-—2Z 
a > n 

w( R;) 


For the case of pressure thickness fully utilized, this simplifies to 


6n—2 fin *) ‘ 
To (R,) . ( R; ;* 


Lamax =1.8 3 


n 


w(6n — 2)(R,;) " 


Heat-Transfer Effects. [For the case of axially symmetrically in- 
put, the new creep stress-strain rate relationship may be expressed 
as in Equation (24). The important term n’ may be evaluated 
(as shown in Appendix 5) from the following 


Qady 
2h 39) 
2C'b 


The new maximum stresses (on' and o » ) at inside and outside 


extreme fibers, respectively, then become 


T 


+ 1 M(R;)'"’ 


an 


(22;) 

obtained from 
0 is 
substituted into Iquation (40), the latter becomes equivalent to 


It is of interest to note that, when the value of n’ 
Equation (39) for the condition of heat transfer rate Q 
stress expression (33). The value of n’ in Mquation (39) expresses 
the variation of log axial creep rate with respect to log axial creep 
stress through the tube wall for any angle @. It includes not only 
the effect on creep rate of varying temperature but also of varying 
pressure stress through the tube wall 
(40) and (41) for typical values of n’ is given in Table 2. 

Adjunct to Table 2, 
refinery furnaces 


valuation of Equations 


n’ takes on the following values for most 


For no or low heat-transfer rate n’ is ~0.4 to 1 


For moderate heat-transfer rate  n’is ~1 to 
For very high heat-transfer rate 
and large diameter n’ is ~—0.25 to —0.1 
Study of Table 2 shows a relationship between inner and outer 
wall stresses very similar to that given in Table 1, except that the 
designations from low to high heat-transfer rate correspond to 
An n’ 


somewhat different values of Q 0.25 is here adopted, 
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Table 2 


Very 


transier 


heat 


low 


Very high heat 


transier 


corresponding to a reasonable maximum heat input. Substitution 


in Equation (40) and simplifying, gives 


d; 
Limax = 0.72d, 
d 


(42) 


It is also shown (in Appendix 5) that the maximum deflection 

for this condition of radial heat input under high pressure stress 

will be modified as follows: 
0.99wL4t12)3 & 8B, d, 


10%rd,*h d; 


‘(00 On)” 1 (43 


1 
Ymax 


Using thé same limitations as defined previously for deflection, 
time, and creep stress, » PES , becomes 


d; T,h\’* 
Diwan 0.804, ( _— ) 
d, w 


Added Factors Bearing Upon Design Considerations 


Several other effects apart from those just detailed were con- 
sidered briefly before setting the recommended design formulas in- 
dicated. They are summarized herewith 
Static Deflection. The original elastic deflection has not been 
considered as a prime criterion in setting maximum length limita- 
tions. For practical considerations of bay span and panel di- 
mensions as well as for psychological reasons, the designer may 
wish to limit very long calculated spans somewhat. As a com- 
parison, it should be noted that usual practice limits refinery 
piping deflection to 1 in., presumably to facilitate drainage 
and avoid pockets as well as to keep natural frequency to a value 
such that pipes would not be resonant with random refinery 
Pertaining to heat exchangers, the TEMA Code 
permits a tube span of 60 diameters for tubes greater than 1 in. 
in diameter. 


vibrations, 


As permissible length varies as only a low power of the creep 
deflection, static deflection has usually a very small effect on La 
In the low pressure stress case, a permissible creep deflection of 


as little as 0.01 d; gives approximately ?/;L,4 max and a permissible 


creep deflection of 0.1 d; gives about O.8L,4 max. For extremely 
large spans, when A. the initial static deflection, is large, and it 
is desired to limit total deflection to d;, La max may be modified as 
follows: Subtract A, from d;,,.and multiply the calculated La max 
by the ratio, to the appropriate power, of this difference to d,, 
giving the modified La max. In the low pressure case, the ap- 
propriate power is 1/(2n + 2). For the high pressure case, it is 
; 


4 


Formula Evaluation. Corollary to the preceding paragraph, it 
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Inner and outer wall stresses for various values of b’,,. Case of high pressure stress. 


3n’+1 
R n’ 
to 


, 
oT 22 
approx. 


o's 
approx. 
1d:M 4d,M 
(dm) *h a(dm)*h 

1\/ 4M ; 

(dm) *h r(dm)*h 
4M 

n(d; 2h 

1d;M 

1 (do)*h 

4(d;)?M 


r (do) 3dmh 


R,' sa 
R,§ 


R 
J 


1(d;)*dmh 


should be noted that a small change in span length produces 
large change in creep deflection. Evaluation of La max should, 
therefore, be accurately carried out and the result strictly main- 
tained as a maximum. 

Values for h and w to be used should be those corresponding to 
the tube conditions after corrosion, as the ratio of h to w is mini- 
mum at that time, giving lowest results for L. The value of 
Lis max for very low temperature may be computed on the basis of 
elastic conditions. For derivation of the necessary equation, n = 
1 may be substituted in Equation (48) of Appendix 1, permitting 
exact integration and giving 0.72 d,, instead of 0.82 d,, in Equa- 
tion (15). 


Summary and Conclusions 


The need for a rational determination of maximum furnace 
tube spans has existed for some time. This paper is devoted, in 
the main, to presentation of a mathematical analysis of the 
problem and to simplification of the results for engineering 
usage. It is thus concerned, primarily, with stress and deflection 
characteristics of tubes operating in the temperature range where 
steady-state metal creep occurs, subjected to internal pressure, 
tube weight, and axially symmetrical heat input. 

The approach used herein generally follows R. W. Bailey’s 
original treatment for the pressure condition only, but extends 
the scope to the more complicated conditions encountered in 
actual service. The analysis was developed along lines readily 
permitting the inclusion of results obtained in the M. W. Kellogg 
Company tube calculation method, but the principles used in the 
derivations may be used for adapting the results to similar 
methods 

For practical purposes of design, Equations (28) and (30) repre- 
sent the criteria for selection of maximum permissible tube 
spans for the low pressure stress condition. For the high pres- 
sure stress condition, the corresponding criteria are determined by 
Iquations (42) and (44). These results are based on the following 
conditions, employed within certain limits by a number of re- 
finery furnace designers and operators: 

(a) Permissible stresses inducing one per cent creep in 10,000 
hours 

(b) Total furnace life of 75,000 hours. 

(c) Creep deflections corresponding to one inside tube diameter. 

(d) Relatively high heat-transfer rate (see text). 

(e) Modified semifixed end supports (see text). 


These equations are, for the low pressure stress condition: 


1/ 
a" ht oe 
Ww 
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(28) 


Ls max = 0.82, ( 





w 


1 
Lamx ™ 1.15d, (‘) 


and for the high pressure stress condition: 


= o.7ed, ( 2 . Mesh)” (42) 
420; d, - 
d. } ve) 
Lamax = 0.89d; ( bis rat) 
d, w 


Stress o’,, is equal to 7, when pressure thickness is fully uti- 
lized, but is generally higher, and may be given by the following 
expression: 


Ls max 


(44) 


, — ( 
O' = 274 —T (9) 


where 7 is the calculated shearing stress from the Bailey or similar 
equations for the thickness actually used. These stresses cor- 
respond to the temperature and other conditions at the inner wall 
of the tube. 

It is recognized that conditions (a) and (b) are to some extent 
mutually dependent according to stress-rupture data that the 
ratio of (c) to (b) is arbitrary and very conservative, and that 
conditions (d) and (e) may vary. Nevertheless, it is found that 
other design criteria, within reasonable limitations, will not 
necessarily affect these equations to a great degree. Actual end 
moment conditions, in many cases, will permit a much larger 
La max. When any of the design conditions are other than (a) 
to (e) Equations (25) and (26) of the text and (81) of Appendix 4 
or Equations (39), (40), and (43) of Appendix 5 may be used for 
greater accuracy. 

Application of these equations to actual furnace design indi- 
cates that, within the range of tube and service conditions most 
common in practice, the maximum critical length may often ex- 
ceed 35 tube diameters, which has been the empirical maximum 
in many specifications. This is particularly true when deflection 
criteria, inserted principally for psychological reasons, are relaxed 
somewhat. It also indicates that even intermediate lengths 
commonly used may sometimes be unsafe for very high tem- 
perature, large diameter finned tubes. The analysis in the text 
also indicates the approach for restricting maximum spans based 
on considerations of static deflection, if so desired. 

When application of these equations to particular cases indi- 
cates that spans may be somewhat increased, it will be found that 
this increase will prove advantageous in a variety of ways. 
Furnace designers will readily appreciate the resulting economies 
in material costs as well as greater flexibility in furnace layout. 

It is recognized that due consideration should be given for any 
furnace to the many complex effects attendant upon actual opera- 
tion. Some of these pertain to the complicated variation of tem- 
perature in adjacent tubes, fouling conditions, circumferential 
temperature variations, and reactions from external piping sys- 
tems. Another important consideration involves evaluation of 
the necessity for particular deflection limitations. These factors 
should be studied in conjunction with a rational and analytical 
theory prior to instituting changes in design based on long ex- 
perience. 

Because it has been recognized that present restrictions are 
empirical, the 35 diameter or other maximum limitation was not 
always utilized to full advantage. In particular services, although 
not necessarily the most critical, spans were often arbitrarily 
limited to much shorter lengths. With adoption of standards 
based on rational and realistic criteria, there should be greater 
confidence and safety in setting tube spans. 


References 


1 R. W. Bailey, ‘‘Thick-Walled Tubes and Cylinders Under High 


Journal of Engineering for Industry 


Pressure and Temperature,’ Engineering, June 13, June 20, and June 
27, 1950, pp. 712, 785, and 818. 

2 J. Marin, ‘‘Design of Members Subjected to Creep at High Tem- 
peratures,’’ Journal of Applied Mechanics, vol. 4, Trans. ASME, vol. 
59, 1937, p. A-21. 

3 Y. Pao and J. Marin, ‘‘An Analytical Theory of the Creep 
Deformation of Materials,’ Journal of Applied Mechanics, vol. 20, 
Trans. ASME, vol. 75, 1953, p. 245. 

4 Y. Pao and J. Marin, ‘Deflection 
Subjected to Bending and Creep,” 
vol. 19, Trans. ASME, vol. 74, 1952, p. 478. 

5 C. R. Soderberg, ‘“‘The Interpretation of Creep 
Machine Design,’’ Trans. ASME, vol. 58, 1936, p. 733. 

6 R. W. Bailey, ‘‘The Utilization of Creep Test Data in Engineer- 
ing Design,’’ Proceedings, The Institution of Mechanical Engineers, 
vol. 131, 1935, p. 131. 

7 L.F. Coffin, Jr., P. R. Shepler, and G. 8S. Cherniak, ‘Primary 
Creep in the Design of Internal-Pressure Vessels,’’ Journal of Ap- 
plied Mechanics, vol. 16, TRans. ASME, vol. 71, 1949, p. 229. 

8 W.N. Findley and J. J. Poczatek, ‘Prediction of Creep-De- 
flection and Stress Distribution in Beams From Creep in Tension,” 
Journal of Applied Mechanics, vol. 20, TRANS. ASME, vol. 77, 1955, 
p. 165. 


Stresses in 


and Beams 
Journal of Applied Mechanics, 


Tests for 


APPENDIX 1 


Creep Stress-Strain Rate Relationships 
Case of Low Pressure Stress 


Fig. 4 Elementary area in tube cross section 


Consider an infinitesimal element of the tube cross section about 
point S, as shown in Fig. 3 and enlarged in Fig. 4. The tube is 
subjected to the action of an axial bending moment only. 
stituting in the fundamental equation for moment 


M = fo'dAry 


PRe Lan 
M = | f o’,R dO dR R sin 8 
Ri 0 


Sub- 
we get: 


From Equation (11) we may write the following relationship: 
€ ( o’, \" 
é o's 


(46) 
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Substituting Equatiom (12) in Equation (46) and solving for a’ 


: R sin 8\1/" 
oO, a | R (47 
t 


we get: 


Now, substituting I;quation (47) into the moment equation (45), 


R sin 6 
R 


) R dO dR(R sin 0 


n+1 


(sin 8) ” 


d@dR (48) 


The expression (sin 6 cannot be integrated in closed form for 


in arbitrary value of n. However, as the usual range of values of 
n lies between 4 and 6, with even much higher values sometimes 
reported for certain conditions, the error inherent in assuming 
that (nm + 1)/n 


1 is not very large. A better idea of the magni- 


of this error will be shown. Making this substitution, inte- 


gration of IXquation (34) yields, after substitution of the appro- 


priate limits 


M 


of the sin 9 function integral of Equation (48) for 
from 3 to 6 according to Simpson’s rule have been 
cearri d out, as 


have exact solutions of Equation (14), 
that the values of L 


They in- 
dicate « obtained from Equation (15) may 
be on the high side in an average case by about 2 to 4 per cent, 
On the other 


high value was adopted for moment coefficient 


with a possible maximum error of about 6 per cent. 
hand, a relatively 
ec and the effect of the pressure stress in decreasing the bending 
The latter effect is similar to that in- 


moment was neglected 


duced in a laterally deflected tie-rod by an axial pull. “Analysis of 
this reduction in stress for a typical case showed it to be of the 
order of magnitude but of the opposite sign from the error in- 


volved in the approximate integration of the sin @ function. 


APPENDIX 2 
Derivation of Creep Deflection Relationships 
Case of Low Pressure Stress 


When qu itions (17 


19), we get 


and (18) are substituted into Equation 


This may be rewritten : 
dy Mt 


(50) 
dz? D 


where, referring to :quation (13), D is a constant term for a par- 
ticular tube cross section and material, defined as: 


3n-+1 3n+1\ In 
4n 
See 
3n + 1 


The moment at any point at a distance z from a support may be 


(51) 


written as: 


122 / may 


19359 


1 1 1 

M = [{ —— wh? + whz — wz? } 12 (52) 
40 2 2 

making the end moment assumption described in the text under 


Equation (19). Equation (50) now becomes: 


d’y 1 : 1 1 ig ” 
72 (-3 wl? + 3 whz — , vet) : (53) 


Solutions for y of Equation (53) with various values of n have 
The constants of integration may be deter- 
mined from the conditions that dy/dz = 0 when z = L/2, and 
that y = 0 when z = 0. The general equation for ymax, which 
occurs at z = L/2, then becomes: 


been carried out. 


vw" 2" +24( 12)" +2 


(54) 
10" 1p ; 


Ymax 


When n = 1, this 
reduces to the elastic case when EI is substituted for D/t: 


where v is a function of vn illustrated in Fig. 2. 


0.99wL4t( 12 )8 


(55) 
102D 


Ymax = for n 
The rationale of Equation (54) is more clearly seen by rewriting 
it in a form similar to elastic deflections: 


Ymax = ag tcl | L? 
bp \ 10 


In order to simplify Equation (54) or (56), it is desired to 
Re- 
ferring to the definition of D in Equation (51) and reducing, just 
as in the development of Equation (15) from Equation (14), the 
following close approximation is obtained: 


(56) 


eliminate D in favor of terms more easily found and applied. 


D= dn (57) 
2B 

B may be expressed in terms of permissible stress and value n 
by substituting in Equation (11). In keeping with design prac- 
tices prevalent in a good part of the industry, the maximum per- 
missible shearing stress 7, is defined as the stress corresponding to 
a uniaxial tensile creep rate of 1 per cent in 10,000 hours. Since 
Equation (11) is expressed in terms of a tensile stress which is 
twice 7,, the following may be written: 

10-6 = B(2r,)” 


a 


] 
10° 27,)” 
The expression for D now becomes: 
dn (2T4(d,)?h}"108 


9 


D= 


Fig. 5 Heat input in 
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which may be substituted into Equation (40) to give: 


2vw( LL)?" +24(12)= +2 


~ (10)"*7(d,,)2" +27 ,h) 


APPENDIX 3 


General Effect of Heat Transfer 
Case of Low Pressure Stress 


Fig. 5 represents an element of the tube wall at radius R and 
of unit length, subjected to heat flow radially inward. Let the 
heat density at the outside surface PR, be represented by Q, in 
Btu/hr/sq ft. Assuming radial flow only, a heat balance for the 
element may be obtained from: 


Ymax 


Heat into element QR dd (60) 
CRd6aT 


Heat flowing through element 
dR 


(61) 
l.quating expressions (60) and (61) and solving for d7’: 

aa QR, dR 

ral (62) 

( R 

For relatively small changes in temperature, C may be con- 

sidered constant, Equation (62) may then be integrated between 

R and R,, corresponding to temperatures of 7’ and T,,, respec- 

tively: 


° 


R 


as a QR, R de 
r,— if =—— leg (63) 
( 
where the log term as used here and subsequently is to the base e. 
For any given angle @ (see Fig. 3), an equation similar to 
Equation 12 may be written for the outside of the tube under 
weight stresses, as: 
€ R, ; 
: (64) 
€ R 


Substituting Equation (64) into (63) and solving for 7’: 


pe = QR, ‘ QR, ’ 
7 T,- C log €, + G log € 


This is seen to be a straight line relationship between tempera- 
ture and log of creep rate with a slope of QR,/C. It may be 
plotted, as shown in Fig. 6, on the same graph with curves for log 
o’, versus log €. 


(65) 








Log « 


2 


Fig.6 Log o’, and T versus log é 


The dashed curve, found by intersections as shown, now repre- 
sents the variation of stress with respect to creep rate for a given 
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angle through the tube wall as the temperature changes due to 
heat flow. For practical purposes, considering creep data used in 
normal design use, this new curve may be assumed to be a 
straight line through the temperature variation. Lines for log 
o’, versus log € for temperature 7’ and 7’, may, likewise, be con- 
sidered parallel. 

The equation for the new dashed curve may be represented by 
the expression: 

log a’, = b’,, log € — b’,, log B’ 


; 
which may be rewritten: 


log € = log B’ n’ log a’, 


€ = B'(a',)”’ (66 
where B’ is the intercept on the log € axis, b’, 


is the slope, and 
n’ = 1/b', 


= the change in log € with respect to log o’,. Study 
of the geometry of this curve permits us to write the following: 

= 15 == 3) 

b’ 


- (67 


log €, — log € 


Ml 8 


b’, 


log €, — log € log €, — log € 


Let a = the average increase in stress interval between con- 
stant temperature lines of log o’, versus log € per decrease in 
temperature, or: 


(63) 


Substituting 


log €, — loge 


where b = 1/n = slope of log o’, versus log € curves for constant 
temperature. Inserting the value of 7’, — 7 found from combin 


ing Equations (63) and (64): 


aQR, 


. (log é-— log € 
( 


(log &-— log €) 


Qad 
2C 


b’,, = b — 


Values of term a may be found and tabulated for different 
materials at various service temperatures, thus permitting solu- 
tions for b’ 


w 


APPENDIX 4 


Creep Stress and Deflection With Heat Transfer 
Case of Low Pressure Stress 


From Equations (64) and (66), the relationship between 
stresses through the wall for a given angle @ is: 


; ( R ) n 
Oo, = Fx 
R, 
? R \'n 
s = 0 zs 
R; 


where o’,, and o’,; are the stresses at the inner and outer walls, 
respectively, at angle 0. 


(70) 


For different angles, but at the same 
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radius, the relationship no longer depends on n’ but on n because 
From Equation (47), substituting R; 
we get: 


of constant temperature. 


for R and o’,, for o’,, 


: . (?: sin @\}/n 
T = f - 
G si oT a R, 
R lin! 
R,; 


instead of as given in Equation (47), which was for no heat 
Substituting Equation (72) into the basic moment 
Equation (45) gives: 


a! Ro 2n 2n’+1 

zi ; 

M 4 [ (R) ” 
(R,)!"’ Jr J0 


which yields, after solution similar to the development of Equa- 
tion (13): 


(71) 


Therefore: 
(72) 


a’, = o'g (sin @)'/n ( 


transfer. 


n+ 1 
(sin @#) " d@dR (73) 


M(R,)'/"" 
"+1 3n/+1 
me (R;) n’ 


3n (26) 
(R,) n’ 


found in Equation (72) is inserted in 


R 
R; 
B’ may be expressed in terms of the material constants for the 


outside or inside tempefatures, B, or B,, by considering Fig. 6 
Log B’, being the intercept on the log € axis, equals the sum of f, g, 


When the value of a’, 


Equation (66), we get: 


(74) 


€ = 


BYo',)"" (sin @)n'/n ( 


and 7, or: 


log B 


g = log B, + n log o’,, + (—n’) log o’,, 


20 


B’ = BJo',,)"-"" 


similarly be expressed in terms of B, as: 


B' may 


(74) now becomes: 


: tl BR 
-(a'1)"’+(sin @)n//n F 
> 
yy 


which is a form of the creep rate equation for any point consider- 
ing inside When upper or 
lower inside fibers are considered, 6 = 7/2, R = R,, o’,; becomes 
Equation (77) reduces to the simple 


J quation 


(77) 


fiber stresses and material constants. 
equal to o’,, and € is now &. 


expression 


é: = Bdo'n)" (78) 


As in the development of the deflection equations for the case of 
no heat flow, the following set of equations may similarly be 
written 

d*y 


dz? 


B(o'1)" te 
(79) 


d*y 
dz? 
which is similarly solved for ymax! 


2B,u(w)"( L)2" +2¢( 12)» +2 


(10)" +1(d,)2 +h)» 
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APPENDIX 5 


Creep Stress-Strain Rate Derivations 
Case of High Pressure Stress 


Equation (31) leads to 


€ Cc. ( 09 — G, * 
_— . f 6 
€ 0'n \O% — On 


Creep Stress. 


From other pressure stress investigations [1, 7] 


R, \2/" 
sue { = 
” ( R ) 


(96 as g,) oa R 2in 
R, 
(2 = ze 
On — On 


Substituting Equation (12) and Equation (84) in Equation (82), 
gives 


so that 


(84) 


: : ’ R n 
o’, = o'n sin8 : 
R; 


The differential equation for bending moment now becomes 


(85) 


9 


o's Ro Qn 5n—2 
~~ ae f I ce). Psin? 6d@dR 
n Ri 0 


M = — 
(Ry) 


(86) 


Integrating Equation (86) yields 
3n— 2 
6n — 2 M(R,) ” 
= se - 


6n—2 


(R,) n 


(33) 


6n—2 


= (R;) is 


Tn 


Deflection Under Creep Conditions. Combining Equation (35) with 
elementary beam expressions (18) and (19), we obtain 
d*y Bo'(06, — on)" 


87 
dz? R; ( ) 


d*y 


dz? 


Mt(om — on)" 


= (88) 
where 


1 


89 
B 6n — 2 aiid 


D= 


When Equation (52) is substituted for M, integration of Equation 
(88) gives an expression similar to Equation (55). The value of 
B given by Expression (58) may then be inserted, giving an equa- 
tion for maximum deflection 
0.99wL4t(12)3(aa, — on)"=! 6n — 2 

nha : a : ce 


10°(27,)" 


Ymax = 
’ Tn 
2n—2 
(Rh), * — 
én—2  on=a_ (36) 


(R,) . — (R,) : 


Heat-Transfer Effects. For this condition (high pressure stress), 
a log-log plot of Equation (31) is similar to Fig. 6 except that the 
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slope is equal to unity, with the intercept being dependent on 
pressure stresses as well as material constant, B. The dashed 
line, again, represents the creep stress-strain rate relationship for 
any angle 6 through the wall as affected not only by temperature 
but pressure stress changes as well. By a process similar to the a’ 
development of Equation (25), the slope, b’,,, may be shown to be 

Qa'd, 


2c 


The relationship between stresses through the wall for a given 
angle @ is given by Equation (70). For different angles, but at 
the same radius, from Equations (12) and (81), the relationship is 


a = O's, sin 8 (94) 


Combining Equations (94) and (70) gives 


bj =1— 


w 


(90) 


where a’ corresponds to stress interval factor, a, as defined in 

{quation (68), « , . . i - 

Equation (68), or Substituting Equation (95) into basic moment Equation (45) 
: d(log o’,) gives 


q’ = - ee 
d7 
' 5 , sii 
log B, — log B — l|)d(log a6 - M = = : sin? 6 d@dR 
T » (R;) 
dee d7 
3 } H whic ields, : Ti gratlo 
. 6 and Equation (62), this becomes which yields, after integr n 
CR(n — 1) d[log (06 - 
b QR, dR 
ation (83) and substituting we 
C(n — 1) 2 ‘ When this equation is substituted in ] quation (87) and the re 
OR, n ' sultant expression integrated and simplified, using n’ 0.25, we 
get 


0.99wL4t(12)3 & SB, 


10°rd,*h 
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Linkages 


How to Replace Gears by Mechanisms 


A practical method is shown for designing four-bar mechanisms having a prescribed 
transmission ratio held within prescribed tolerances, for a limited range of motion. 
Such mechanisms may economically replace gears in many applications. 


Charts 


enable the designer to choose the mechanism having the best transmission angle pos- 


sible 


Preface 


a MOST ENGINEERING 


iniform 


BRANCHES oscillating trans- 


ratio ol demanded 


transmission are 
ised for this problem and are able to 

Mechanisms have a varying ratio 
{ velocity w@,, but 


There- 


transmission are 


oO output angular 


ad much che per and easier 


itions from the constant 


ould be used 


» 9 


ssions are available [1, 2, 3], 


es 


9 or 0.5, is when a 


that 


The latter 


Other linkages, 


i slider crank is considered. 


parallel-crank linkage on 


hould have base. 


i crank which is « qu il to the 
have a varying ratio of trans 
it has to be ordered that the 
Thus the best 
which has the smallest deviations from 
Papers {4, 


mechanism synthesis 


the four-bar 


linkage, 


ission, «and, in the sense mentioned, 


ratio of transmission be as constant as possible. 


re will be the on 


I ‘ 
Nnikag 


constant transmission 5, 6] have been published re- 
ferring to the By this four-bar linkages 
ean be designed when certain positions of input and output link 


Hall [7 


referring to input and output link, and replaced gears by four-bar 


used the curvature of the instant center, 


ire pre 


link upre 

The method shown in this paper treats four-bar linkages for 
scillating motions and approximately constant transmission 
he deviations from this constant amount are prescribed within 
eertain tolerances It 1s possible to graph diagrams by which the 
deviations and the quality of transmission can be obtained. The 


coefficients of these diagrams make possible the simple design of 


ng 
te 


the corre sponding linkage. 


Definitions 


The ratio of transmission 7 is the quotient of the angular ve- 
ocity w, of input link to the angular velocity w, of output link 


is changing when the linkage is moved Fig. 1 shows a 
our-bar linkage having a as input link and ¢ as output link. The 
instant center Q referring to a and c is determined by the inter- 
section point of coupler b and base d. The distance of Q from the 


bearings 1) and By can be used to determine the ratio of trans- 
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QT 
Ya 
The extreme values of i can be determined by the method of 


Freudenstein [8, 9], by which the angle A, formed by the coupler 
b and the collineation axis PQ, should be A = 90 deg. 





— 


The definition of the ratio of transmission i 


: —Jp aia 





Fig. 2 Deviation 5 within the limits of the angular velocity of output 
link 
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In the following the best four-bar linkages have been deter- 
mined in accordance with Fig. 2. The angular velocity w, of the 
input link is constant and the angular velocity w, of the output 
link c should have the prescribed extreme values w 


Max and W, Min? 


From the maximum 


represented by the diagram points A and B. 
position w, max to the minimum position &, min the crank a runs 
through the angle «. But both w, x,, and W, min exist once more 
in the diagram points C and D, by which the crank angle ¢ is 
represented. Thus all the motion of the linkage is limited through 
the angle ¢ between ®, ,,,x and ®, win. It is important that the 
exact value w, is realized three times at the points £, /, and G. 
The linkage having a transmission in accordance with Fig. 2, 
seems to be the best one for a constant ratio of transmission 


Calculations 


The deviation 6 should be related to the angular velocity w, of 
the output link ¢, when the angular velocity w, of the input link a 
1 the instant center Q is deter- 
from Bo. If @, » 


, can be found 


is constant. According to Fig. 


mined by its distance q, from Ay or q x and 


W. min are given the distances qq max and qq n 


Assuming the deviation 


r m W, c 
and using the ratio of transmission 7 = ~~, it can be found 


In order to design a four-bar linkage for given positions of the 
It is 
By this the 
design of the four-bar linkage becomes independent of the scale 


instant center Q the distances q, max and qq min are used. 


suitable to have these values related to the base d. 


to which the drawing is made 


Fig. 1 shows a position of the linkage in which the ratio of trans- 
If it is smaller than 1 the instant cen- 
The dis- 


mission is greater than 1. 
ter Q is situated on the other side of the base d next Bo. 
tance q, is greater than g,. It follows 


W. max * d 
da max 


) =< 
We max Wa 
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) : 
We mip 


da min 


qa max 


d 


{a min 
d 


l 0 


When input link a and output link ¢ move in a different direction 
Then the 


The equations 


the ratio of transmission 7 may have the negative sign. 
and B 


instant center Q is situated between A 


are as follows 


Mechanism Design 


After calculating the distances q and q with regard 
to the equations already mentioned, the points Q:; and Qos are 
After this any angle ¢’ is plotted to ApQ@, and a 
The erank AyA has to be 
when 7 is prescribed greater than 2, 
The crank A 
1,Q, when 7 is prescribed greater than | to 2, 
0.5 and @ 
The design has to be started using Q; or Q 
than AyQ. the instant center Q, should be used and A 
than A,Q; the instant center Q» should be used 
“3 point 1 is connected to Y 
{ in the 


By with P and find B as intersection point of this line with AQ 


drawn, Fig. 3. 
erank length A)A is chosen as follows: 
smaller than A)Qs, 


0.5 and 1, or 7 is negative 


or between 
1 has to be gre ater than 
or greater than 0 to 
In all cases 1 represents da mins represents dq , 


1 smaller 


{ greater 


Having A 


According to Fig The perpen- 


dicular in Q, intersects A second instant center P. Join 
Now the dimensions of the corresponding four-bar linkage are 
given. After this the other extreme position of this linkage should 
trial in such a manner that the collineation axis 
is perpendicular to A’B’. 
Therefore 
this coincidence is fulfilled. 
A and A 


include the angle € according to Fig. 2 


be drawn by 
PQ 
coincide with Q» 


Generally point @ does not 


another ApA has to be chosen until 
This is true 
A’ of the extreme positions of the linkage 
Now the linkage should 


in Fig. 4. The crank 


positions A 


be moved beyond these extreme positions until the instant cen 
ters Q, and Q, are intersection points of A,B, with AoB 
AoBs with ApBo. and ApA» the 


greatest angle ¢ is given (see Fig 


and ol 
By the crank positions AoA, 
2). 

The quality of transmission is represented by the so-called 
angle of transmission uw [10], which is the angle between output 
link B)B and the connecting rod AB.? 
compare different linkages the smallest angle pmin 


In order to be able to 
should he 
The value of min is dependent on the initial angle ¢ 

But 


This can be seen in 


taken. 


the greater gy’ the smaller becomes min and ¢ increases 


there is a best angle min depending on y’. 


the following diagrams. 


2 Best transmission is obtained when v7 90 The difference from 
90 deg marks the quality of transmission. For instance the angle u 
70 deg has the same significance as 4» = 110 deg. Any transmission 


becomes impossible when yp 0 deg or u LS8O. 
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Fig. 3 


and ~’ are given 





Fig. 4 Four-bar linkage having two extreme positions when instant 
centers Q, and Q» are prescribed 
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Fig. 5 Four-bar linkage like Fig. 4, when negative ratio of transmission 
iis prescribed 


Fig. 5 shows a four-bar linkage having an opposite turning of 
the output link to the input link. The design is similar to that of 
Fig. 4. As just mentioned, the instant centers Q; and Q. are 
Ay and Bp. 

In Fig. 6 the ratio of transmission 7 is greater than 0 and smaller 
than 0.5. The design has to be started at point Q.. For the 
rest the same manipulations should be made as in Figs. 3 and 4. 


The deviation 6 must always be smaller than 100 per cent, 
otherw 


situated between 


ise the sign would change from positive to negative and 
vice versa. If 6 100 per cent the extreme value imin = 0 and 


the instant center Q, coincides with Apo. 


In this position of the 
If 7 = 1 the 
instant center is infinitely situated and the deviation 6 becomes 0, 
i.e., the parallel-crank linkage should be used and has an exact 
constant transmission. 
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Four-bar linkage having two extreme positions when any A:A 


Jamin 
+ -% max — 


Fig. 6 Four-bar linkage like Fig. 4, when ratio of transmission ji is 
smaller than 1 


All mechanisms according to the diagram Fig. 2 do not fulfill 
the Grashof rule, i.e., there are no full rotating motions 


The Use of Diagrams 
The diagrams, Figs. 7 and 11, allow a survey of the favorable 
four-bar linkages with regard to the deviation 6 and the angle of 
transmission min. These coefficients are dependent on the 
The motion of the mechanism is similar to that of 
Fig. 7 has value for the same direction of the movement 
of input and output link and fori = +4, Fig. 11 relates to the 
opposite direction of input and output link fori = —4. 

Assuming the range of motion is given and is represented by 
the crank angle ¢ the most suitable linkage can be chosen with 
regard to 6 and min. For instance, if ¢ = 150 deg (Fig. 7) and 
7 = +4 are prescribed and a certain deviation 6 is admissible, 
that linkage with the best umin can be determined. If 6 = + 10 
per cent is admissible, a best umin = 41 deg is available. 

The extreme value fmin appears in an end position of the 
mechanism like Fig. 4, when the right-hand parts of the diagrams, 
Figs. 7 and 11, are used. Using the left-hand parts of these dia- 
grams the angle umin appears in a similar position as the mecha- 
nism in Fig. 8, i.e. when the crank position AoAs covers with the 
base AjBo. The maximum points of the diagrams represent a 
linkage in which the minimum value pmin appears twice, namely 
in the ‘“covering’’ and in an end position of the mechanism. 

Generally it has to be mentioned that dimensions of the link- 
ages become larger when 6 approaches smaller values. The dia- 
grams also show curves having 6 ~ 0, that means the accuracy 
is limited by drawing methods and the curve, corresponding to 
Fig. 2, becomes an approximately straight line. In Fig. 9 two 
linkages represented by the intersection point of two curves 6 = 
+10 per cent and +20 per cent (Fig. 7) have been drawn. Hav- 
ing the same angle ¢ and the same quality of transmission pmin 
the lengths AB and BoB of the 20 per cent linkage are smaller 
than the lengths A’B’ and B)B’ of the 10 per cent linkage. 

In most cases only the right-hand parts of the curves should be 
used, because the left-hand parts are less satisfactory. 

With regard to angle y’, which is most important for mecha- 
nism design, it should be mentioned that it can be taken up to 
180 deg. For this value umin becomes zero and AB and BoB be- 
come infinitely long. 


crank angle ¢. 


Fig. 2. 


If g’ = O the angle of transmission be- 
comes zero too, AB becomes zero, AoA will be equal to AoQ; and 
BoB = B,Q,. 

Figs. 10 and 12 show the coefficients which are necessary for 
designing the linkages in accordance with Figs. 7 and 11. 

Example. The best four-bar linkage for a constant transmission 
1 = +4 is to be designed, when the crank angle g = 100 deg and 
the deviation 6 = +5 per cent are demanded. 
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Fig. 7 shows the angle of transmission min = 60 deg, which is Now the positions of Q, and Q; are given (see Fig. 4). From Fig. 

very advantageous. Taking i = +4 and 6 = 0.05 it yields 10 the values gy’ = 40 deg and a/d = 0.3495 are available. If any 

base d is prescribed the true value a = AoA can be calculated. 

= ————-_ = 0.356 Now the design is possible in accordance with Fig. 4. The similar 

3.81 — 1 method has value for negative ratios of transmission (see Figs. 11 
and 12). 


qa max a - _ . 1 


Qa min 














Fig. 7 Diagrams for the best four-bar linkages. i = +4. Fig.9 The four-bar linkages representing an intersection point of Fig. 7 





+ 


Fig. 10 Coefficients for mechanism design according to Fig. 7 
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Fig. 11 Diagrams for the best four-bar linkages. 
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Fig. 12 Coefficients for mechanism design according to Fig. 11 


Summary 


In general mechat are essentially cheaper than gears 
Therefore gears sho replaced by mechanisms where the 


accurin ifficient and the 


The ding Ih 


pos ibilitie 


range of motion is large enough 


shown in this paper give an adequate survey of the 
sof mechanisms. It should be mentioned that mecha- 
ns are able to transmit greater forces. If mechanisms are ar- 


ranged in series. the 


usable angles ¢ increase taking the same 
values pu und 6 

Diagrams for other ratios of transmission are intended. Having 
all the important diagrams the designer has excellent means for 
his work 


the best 


Ile will save much time and he will be sure that he has 
mechanism for his purpose. 

The diagrams have been determined by graphical methods only, 
which seem precise enough. The accuracy represented by 6 can 
seldom be expressed mathematically. 
that the 


make comparisons 


Moreover it is not neces- 


sary angle fmin be very exact, since it is only used to 
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DISCUSSION 
A. E. Richard de Jonge® 


To replace gears and cams by linkages has been an old dream 


of kinematicians the world over. 
thus it 


Unfortunately, it cannot be 


done accurately, still remains a dream. The question 


then is, under which circumstances can it be done approximately 
and how good is the approximation? 

The authors have given a practical answer to this question, 
namely, where large forces are concerned and where the total 
angle of oscillation is relatively small, that is, smaller than 180 
deg. The grester the angle, the greater is the deviation from the 
The 
which was intro- 
duced in cam applications over half a century ago by Hartmann 
of Germany, 


derived true transmission ratio which has to be achieved. 
angle of transmission BK (or its complement 


was later used for cam design by Furman in the 
United States, was revived and applied more generally by H. It 
of Germany, also must not decrease below a certain value. As 
far as making use of this angle is concerned, the diagrams pre- 
sented by the authors should prove valuable. 

The equations and constructions are correct, but the latter 
suffer from the fact that a trial-and-error process is involved in 
arriving at the limits. 

The writer agrees with the authors in that, when large forces 
are concerned and one has to choose between gears or a linkage, 
it is often advantageous to choose a linkage rather than gears, 
How- 


ever, Where any degree of accuracy and not too large forces are 


ior large gears also would have to be designed specially. 


involved, the logical choice would be either gears or band drives 
which, in such eases, are far cheaper than specially designed and 
manufactured linkages, because gears for none too large forces 
may now be obtained from stock for a few dollars to various de- 
grees of accuracies, and bands can be applied so as to eliminate 
any backlash. 

It must be left to the good judgment of the designer to choose 
the best of these devices for any particular case of application. 
It would be quite imprudent, however, to advise, for example, in 
precision devices, indiscriminate use of linkages which, in 
addition to their inherent inaccuracy, also have a certain amount 
of backlash even when ball or roller bearings are used. 

How far the deviation in such linkages from the true mathe- 
matical relationship extends has been investigated carefully by 
F. Freudenstein, who has reported on his results in a companion 
paper. 
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Introduction 


Fon MANY YEAPS free-machining additives such as 
sulfur, selenium, or lead have been used in low-carbon steels to 
improve tool life and surface finish. During the past ten years 
free-machining additives have also been used in the medium- 
carbon alloy steels. However, the principal use of these free- 
machining grades of alloy steels has been at hardness levels undet 
300 Bhn. With the trend toward higher strength steels (400 
Bhn and higher), the machining problems have become more 
difficult. 


lead additive as a means of alleviating the machining problems 


Considerable thought has been given to the use of a 


at the higher hardnesses. 

The data presented in this paper are the results of turning tests, 
using carbide tools, on two medium-carbon steels at several dif- 
ferent hardness levels. These data demonstrate at what hardness 
levels the lead additives are most effective. 


Definition of Machinability 


An improvement in the machinability of a metal usually infers 
that: 

a) Tool life has been extended, and/or (6) coefficient of friction 
between the sliding chip and tool has been reduced, thereby re- 
sulting in an improvement in surface finish, and/or (c) tool forces 
and power consumption have been reduced. 

In most machining operations tool life is the most important 
factor; however, in some cases surface finish may be the factor 
which determines whether or not the machinability of the metal 
is satisfactory. 


Test Procedure 


Test Bars. The alloy steels under test in this program were: 
(1) AIST 4147H plain and leaded, and (2) AISI 4340H plain and 
leaded. Both the leaded and plain steels of each grade were from 
the same heat. All of the steel was in the form of forged bars 4 in. 
diam X 36 in. long. 

The steels were machined in each of the following heat-treated 
conditions: 


AISI 
AISI 
AISI 
AISI 


1147H 
1147H 
1147H 
1147H 


Normalized R, 22 
Quenched and tempere 
Quenched and tempe 
Quenched and tempere 


AISI 4: 
AISI 4 
AISI 4: 
AISI 


Normalized R, 34.5 
Quenched and tempered R, 26 
Quenched and tempered Re 33 
Quenched and tempered R, 41 


Contributed by the Production Engineering Division and presented 
at the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of 
THE AMERICAN Socirery OF MECHANICAL ENGINEERS, 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, March 13 
1958. Paper No. 58—SA-53 
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The Effect of a Lead Additive on the 
Machinability of Alloy Steels 


Fig. 1 Example of flank wear on carbide too! 


BEFORE 


Crater ¢ 


Flank Wear 


Appearance of Weariand 


ander Microscope 


Fig. 2 Wear land measurement in tool-life testing: Test stopped at 0.015 
in, wear land on carbide tool 


grade of carbide used 


Cutting Tools. 
for tool life tests. 
Jack rake: 0 deg 
Side-cutting edge angle: 6 deg 
telief: 6 deg 


A general purpose 


Was 
The tool angles were as follows: 
Side rake: 6 deg 


Iind-cutting edge angle: 
Nose radius: 0.040 in 


6 deg 


Tool-Life End Point. A 
(whichever occurred first) constituted the test 


tool 
pot Iox- 


wear land of 0.015 in. or failure 
end 
amples of the wear land formed on a carbide tool are shown in 


Figs. 1 and 2. 
Coefficient of Friction and Power Requirements 


The addition of lead to the low-carbon steels results in a low 
coefficient of friction, thereby improving the surface finish and 
prolonging tool life. However, very few data are available for 
leaded steels in the hardened condition. 

The coefficient of friction between the sliding chip and the 
tool can be calculated from force measurements made with a tool] 


dynamometer. If a turning tool having a zero side-cutting edge 


MAY 
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angie ind Zero DaCK 


rake is used, the coefficient of 
the equation developed by Mer- 


np ited trom 


’ ; F,+ F, tana 
Coefficient of friction = — : — 
F, — F,tana 


F, thrust force, lb 
itting force, lb 
tool 


angle of the 


results obtained from machining tests 
\ \ 3asic Mechanics of the Metal Cutting 
Proce nal of vol. 12, Trans. ASME, vol 


JOU Applied Mechanics, 
66, 1944, pp. A-168 


175. 


Table 1 Coefficient of friction and power requirements with carbide 
tools on AISI 4147H steel 


Material: AISI 4147H (plain and leaded 

lool Carl ide gr ide 78B 
Back rake: O deg; side rake: 
Side cutting-edge angle: O deg 
kind cutting-edge angle: 
Relief: 6 deg; 

De pth of « il 


) } 


Culling fluid 


6 deg 


6 deg 
nose radius: 0.040 in. 
0.100 in. 

None 


. Table 2 Coefficient of friction and power requirements with carbide 
tools on AISI 4340H steel 


Material: AISI 4340H (plain and leaded) 
lool: Carbide grade 78B 
Back rake: O deg; side rake: 6 deg 
Side cutting-edge angle: 0 deg 
lind cutting-edge angle: 6 deg 
Relief: 6 deg; 0.040 in. 
Speed: 75 to 125 fpm 
Feed: 0.009 in. per rev 
Depth of cut: 0.100 in. 
; itting fl uid: None 


nose radius: 


Power 


Requirements 


Leade 


Plain 


Leaded 


Plain 


Leade 


Quenc hed 
Quenched & 


Tempere 


Tempere 
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when using a tool dynamometer. These data show that the 

addition of lead in steel will produce a marked reduction in co- 

efficient of friction, even in the harder steels (R, 40 and R, 41). 

Three feeds, 0.005, 0.009, and 0.019 in. per revolution, were 

used in the turning tests on the AISI 4147H steel and, in every 

case, the coefficient of friction was lower for the leaded steel. ° 
Note also that a substantial reduction in power requirements was 

obtained by the addition of lead in the steel. 


Surface Finish 


One of the difficulties encountered in comparing surface finishes 
These feed 
In order to 
overcome this difficulty, the surface finish was measured on the 


is the resulting feed lines on the machined surface. 
lines tend to mask out differences in surface finish. 


shoulder of the workpiece. The rotational speed of the workpiece 
was low enough so that the feed could be disengaged and the tool 
moved away fast enough to prevent the tool from passing over 
The surface-finish 
measurements thus obtained are listed in Tables 3 and 4. In 
every case there was a definite improvement in the quality of sur- 


the surface while the feed was disengaged. 


face finish on the leaded grade. 


Table 3 Surface finishes obtained on AIS! 4147H steel with carbide tools 


Material: AISI 4147H (plain and leaded) 
Tool: Carbide grade 78B 
Back rake: 0 deg; side rake: 6 deg 
Side cutting-edge angle: 0 deg 
Iind cutting-edge angle: 6 deg 
Relief: 6 deg; nose radius: 0.040 in. 
Surface 
Finish 


micro-inches 


Heat Treatment Feed Cutting Speed 


in, /rev. ft. /min. 





Normalized 005 150 100 


Normalized 
Normalized 


. 009 150 
009 150 


R, 

Normalized R, 005 150 
R 
R. 


Quenched 
Quenched 
Quenched 
Quenched 


Tempered R. .005 
Tempered 26 005 
Tempered 26 . 009 
Tempered 26 . 009 


Quenched 
Quenched 
Quenched 
Quenched 


Tempered 31 .005 
Tempered R,. 31 005 
Tempered R,. 31 .009 
Tempered 31 009 


Leaded 
Plain 


Leaded 


Quenched 
Quenched 
Quenched 
Quenched 


Plain 
Leaded 
Plain 
Leaded 


Tempered 40 .005 60 
Tempered 40 005 60 
Tempered 40 - 009 60 60 
Tempered R,. 40 . 009 60 50 


Table 4 Surface finishes obtained on AISI 4340H steel with carbide tools 


Material: AISI 4340H (plain and leaded) 
Tool: Carbide grade 78B 
Back rake: 0 deg; side rake: 6 deg 
Side cutting-edge angle: 0 deg 
Ind cutting-edge angle: 6 deg 
Relief: 6 deg; nose radius: 0.040 in. 





hed & 
ached & 
nched & 
hed & 


1enched & Temper 
Quenched & Tempe 
Quenched & Tempered 
Quenched & Tempe 


Quenched & Tempe 
Leaded Quenched & Tempe 
Plain Quenched & Tempe 
Quenched & Tempe 


Leaded 
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Fig. 4 AIS! 4147 plain steel, normalized to R. 22, etched in Nital, 
enlarged 2000X 


Fig. 5 AISI 4147 leaded steel, normalized to R. 22, etched in Nital, 
enlarged 2000 X 
Fig. 3. Chips cut from normalized AISI 4147H steel—R. 22: Tool, 78B 
carbide; cutting speed, 100 fpm; feed, 0.009 in. per revolution; cutting 


fluid, soluble oil. The upper large single chip is plain, the group of 
smaller ones leaded. 
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SAE 4147H 
Quenched & Tempered - R. 31 
Carbide 78B 

BR 0° SR 


c 


SCEA 6~ 


Material 


Tool 


Relief: 6° 
Feed 009 in/rev 
-100 


Cutting Fluid: None 











TING SPEEI ft/min 


Fig. 8 


Further evidence of the improvement in surface finish as a re- 
sult of the lead additive was revealed by a comparison of the 
chips cut from the normalized and leaded 4147 steels with carbide 
tools. Chips from the two steels are shown in Fig. 3. Compare 
the shiny smooth surfaces of the short, tightly curled chips ma- 
ehined from the leaded bar with the rough surface of the chip cut 


from the plain bar 


Tool Life 


Comparison | 


of tool-life results can be made on either relative 
eutting speeds for a given tool life or relative tool-life values for a 
given cutting speed. Comparing the relative cutting speeds for 
a given tool life has an advantage, in that one can easily determine 
whether or not the increase in cutting speed (production rate 
justifies the 
steel 


interest will then be principally one of improving the tool life. 


additional cost of the free-machining additive in the 
In cases where the material is very difficult to machine, the 


Under these conditions, a comparison of the relative tool-life re- 
sults at a given cutting speed is most important. 

AISI 4147H Steels. Typical microstructures of the AISI 4147H 
plain and leaded steels in the normalized condition are shown in 
Figs. 4 and 5. Tool life curves obtained with carbide tools on 
both the plain and leaded 4147H steels in four heat-treated con- 
ditions are presented in Figs. 6 through 9. The improvement in 
tool life on the normalized steel R, 22 was about 35 per cent, and 
over 40 per cent on the quenched and tempered steel having a 
The beneficial effect of the lead additive de- 
At a hardness of R, 40 the 
tool life for the leaded steel was even less than that of the plain 
steel. 


hardness of R, 26 
ereased at the higher hardness levels 


An examination of the type of tool wear obtained on the plain 
and leaded steels revealed that the cratering on the face of the too 
was greater when the leaded steel was machined. This condition 
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Material: AISI 4147H 


Quenched & Tempered R. 40 





Tool: Carbide - Grade 78B 
BR: 0° SR: 6° 
SCEA: 6° ECEA: 6° 
Relief: 6° Nose Rad.: .040" 
009 in/rev = 
100 in. 
None 





Feed: 
Depth of Cut: 
Cutting Fluid: 











TOOL LIFE - minutes 



































l 
150 200 





CUTTING SPEED - ft/min 


Fig. 9 


is not unusual, since the use of a free machining additive results 
which has more of a 
Normally, this 
however, it is detri- 
The net effect of 
cratering on the face of the tool is to increase the rake angle and 
When the work 
material is very hard, there is a tendency for the cutting edge to 


in a more tightly curled chip (see Fig. 3 
tendency to cause a cratering type of tool wear. 
cratering effect is of no serious consequence; 


mental when very hard metals are being cut. 
thereby reduce the strength of the cutting edge. 
chip off as the cratering becomes pronounced. Under these cir- 
cumstances, tool life on the hard leaded steels will be less than 
on the hard plain steels. 

AISI 4340H Steels. The tool-life curves obtained on the AISI 
1340H steels in the various heat-treated forms are shown in Figs. 
10 through 13. 
the hardness level of R, 26, an improvement in tool life of over 40 
per cent resulted from the lead additive. 


An examination of these curves reveals that, at 


However, on the remain- 
ing three heat-treated forms, covering a hardness range of 33 to 41 
R,, the tool life curves of the leaded steels almost coincided with 
that of the plain steels. In most of the tests at the higher cutting 
speeds, the tool life on the leaded steel was even less than that on 
the plain steel. Only at the low cutting speeds (100 fpm and 
less) did the leaded steel produce a longer tool life. The recom- 
mended cutting-speed range for these steels would be 100 to 200 
fpm. In this cutting speed range, the lead additive would not be 
beneficial to tool life. 


Conclusions 


1 The use of a lead additive in medium-carbon alloy steels will 
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Fig. 10 


result in appreciable increases in tool life for those steels having a 
hardness of R, 30 or less. The advantage of the lead additive will 
decrease as the hardness of the steel increases beyond R, 30. At 
some point in the hardness range of R, 35 to R, 40 or higher, the 
presence of the lead additive may be detrimental to tool life. 

2 Appreciable improvement in surface finish is obtainable on 
medium-carbon alloy steels, 


steel. 


regardless of the hardness of the 


The addition of lead to medium-carbon steels at various 
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hardness levels will result in a reduction of 15 to 25 per cent in 


power required in machining. 
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DISCUSSION 


F. W. Boulger? 


ire to be congratulated on an interesting contribu- 
There 


¥ points which should be clarified, however, lest some of 


dge in an important area of metal cutting 


1e readers draw more sweeping conclusions tban those considered 
justified by the authors 
In the first place, are the actual compositions of the steels 
In many Cases, samples from the same heat differ 
‘cantly in composition and appreciably in machining prop- 
We have tested bars from the same heat of free-cutting steel 
differed 20 per cent in tool life at the same cutting 
It would be especially helpful to know the lead contents 
the leaded 


oOmparison sampit 


steels 


Finally, were the leaded and lead-free 


given the same heat-treatments? Some- 
times, steels tempered to the same hardness by using different 
time-temperature schedules do not perform alike in machining 
tests even though they have the same chemical composition. 

The authors point out that cratering was greater for the leaded 
than for the standard 4147H steel. 


or by flank wear and was the same end-point criterion used for 


Did the tools fail by cratering 
both steels? Japanese investigators have shown that tools some- 
times develop exaggerated wear rates after flank wear exceeds 
0.017 in. Therefore, it would be of interest to know whether or 
not any data were obtained for larger amounts of hank wear 
than 0.015 in. 


accelerated wear starts varies between workpiece materials. 


It may be that the width of the wear land at which 


2 Chief, Division of Ferrous Metallurgy, Battelle Memorial Insti- 
tute, Columbus, Ohio. Mem. ASME. 
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The authors’ observation that cratering was more severe with 
Did they 
investigate the possibility that the benefits of lead might persist 
at higher hardness levels if a more crater-resistant tool material 


one of the leaded steels is probably quite important. 


or tool shape is used? 

Statistical examination of tool-life data published by various 
authors indicates that the coefficie.t of variation in tool-life 
When this is true, differ- 
ences in average tool-life values based on triplicate determinations 
should exceed 30 per cent in order to be judged significant. If 
this rigorous criterion is used for drawing conclusions, it appears 


values is ordinarily about 18 per cent. 


that no real differences in tool life between leaded and lead-free 
steels were detected except on bars tempered to 26 Rockwell C. 
liven at that hardness level, the 4340 steels differed only in tests 
below 200 fpm. Nevertheless, the data obviously justify the 
authors’ conclusion that at higher strength levels lead may not 
exert the benefits expected from experience on steels machined at 
lower hardnesses. 


G. Dementis® 

This paper is of a great deal of interest because of the long- 
standing proprietory position of the writer’s company in the pro- 
duction of leaded steels. 

The reported results on the tool-life phase of the investigations, 
which indicated lower tool life for leaded steels for the higher 
In view of 
the fact that the measured coefficient of friction is appreciably 


hardness levels, appear to be somewhat perplexing. 


3 Metallurgist, Research and Development Department, Inland 
Steel Company, East Chicago, Ind. 
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smaller for all the corresponding pair leaded steels, it might be 
predicted that tool-life results also would be favorably affected 
by lead additions. 

Recent work done by Chao and Trigger‘ would seem to offer a 
possible explanation for this behavior. In the cited study, these 
authors seem to indicate that there is an optimum tool-chip con- 
tact distance. Contact distances both longer and shorter than 
this optimum lead to higher tool temperatures (and presumably 
lower tool life). 

If this is true, it would seem possible that with given tool 
design and coolant conditions, the formation of the “tighter” 
curl leaded chips could lead to a shorter tool life than the longer 
curl nonleaded types. 

Therefore it would be expected that an action of changing the 
cutting-tool design and introducing a water-base coolant would 
reverse the tool-life results reported for the leaded and nonleaded 
hardened AISI 4147H steels. Some indication that this would be 
true is the result reported for the testing of the hardened (R, 41) 
AISI 4340H steels where a soluble-oil cutting fluid was used. 
This introduction of a coolant appears to be responsible for the 
hardened-leaded steel showing a tool life about equal to the non- 
leaded sample. 


V. V. Donaldson® 


The authors deserve the sincerest thanks for the work presented 
in this paper. There are too few people engaged in the some- 
times thankless and always tedious work of this sort which is so 
necessary before the machining art can approach the status of a 
science. The following remarks are not to be taken as derogatory 
to the authors in any sense whatever and critical only to the extent 
that there is still much more work to be done before theory and 
practice can be reconciled. 

It must be understood that only one or two aspects of machining 
ean possibly be dealt with in a paper of this kind. To cover 
adequately all of the variables with which one has to contend in 
practical or production machining would require more space than 
could be permitted here. Cuts of 1/, to 3/4 in. at feeds of 3/32 in., 
for example, intensify the effect of variables not included in this 
presentation. Conditions under which a tool with positive rake 
actually cuts at an effective negative rake angle are also beyond 
the scope of this work. However, since “leaded steels’? as a 
class exhibit more variation in machinability from one supplier’s 
product to another’s than do regular grades, we must include 
some 


‘out-of-scope”’ remarks. 

The nonlinear relationship of coefficient of friction and power 
requirements which can be seen in Tables 1 and 2 should be noted 
as arising from the use of a formula derived from strictly or- 
thogonal cutting conditions in which there is no edge build-up. 
For most purposes the use of the formula under more practical 
cutting conditions gives a usable semiquantitative measure of the 
coefficient of friction. However, in certain instances, in which a 
fundamental difference in 
leading. 


material is involved, it may be mis- 


Fig. 3 illustrates the difference in chip formation using th 
same tool geometry and nominal cutting conditions for two es- 
sentially different materials. Jt is obvious that the two types of 
chip result from fundamentally different cutting conditions 
Unless the difference in effective shear angle is considered as one 
of the major parameters, the cutting conditions are not com- 
parable either in practice or for test comparison. 

Our experience with Hi-Qua-Led® forgings, ranging from mild, 
plain-carbon steels to relatively high-carbon alloy steels, indicates 

4B. T. Chao and K. J. Trigger, ‘‘Controlled Contact Cutting 
Tools,”’ published in this issue, pp. 139-151. 

§ Project Engineer, Alco Products, Inc., Latrobe, Pa. 

6 Alco Products Inc., patented process of lead addition for high- 
quality steel forgings. 
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that there is a fundamental difference in the shear angle @ 
between the leaded and nonleaded materials. Thus the use of the 
same tool geometry and cutting conditions, speed, feed, and depth 
of cut, does not practically compare the two materials. 

In the last section of the paper, Tool Life, the cratering effect 
is apparently taken by the authors to be a function of the material 
rather than of tool geometry and cutting conditions. Our ex- 
perience coincides with that of the practical machinist whose 
attitude may be taken as “the tool knows more about how the 
metal should be cut than you do.” If the tool cannot be ground 
to suit the cutting conditions, the conditions should be changed. 

Every day in commercial machine shops, cratering is avoided 
or alleviated by one or a combination of the following procedures: 
(a) increase speed, (b) increase feed, (c) regrind or change tool 
geometry. In single-point turning it is generally true that both 
the tool and speed must be changed for optimum results. (The 
word “increase” in a and b is not a misprint, and applies to 
properly leaded steel forgings.) 

Although certain steels, notably 4100’s and 4300's, exhibit a 
hiatus at a little over 300 Bhn, whether leaded or plain, Hi-Qua-Led 
forgings have shown distinct machining advantages in both 
rough and finish cutting to Brinell hardnesses above 535. 

Improvement in machinability has ranged for such forgings 
from 40 to 50 per cent to over 100 per cent in production runs 
involving single and multipoint tuining, boring, drilling, gear 
hobbing, gear shaping, and milling operations. A few cases have 
been encountered in which the improvement was only 25-30 
per cent because of the condition and power or speed limitations 
of the equipment being used. In these instances, tool life was im- 
proved by a factor of 50 per cent or better 1600 
per cent. 


in one case, 


E. $. Nachtman’ 


This paper properly presents three basic laboratory test metbods 
for evaluating machinability. These comparative data are most 
valuable and are, we feel, the proper method for presenting any 
laboratory evaluation of machinability 

The three tests which evaluated tool life, tool forces, and sur- 
face finish indicate the fallacy involved in using any one method 
to relate the machinability of steel to a specific production situa 
tion. On the high-strength levels, it is apparent that two cri 
teria, namely, tool forces and surface finish, clearly indicate « 
superiority for lead. The third criterion, tool life, indicates 
that there is no improvement. 

We have found in our work in attempting to relate laboratory 
tests to production situations that one must be very careful in 
assessing the relative value of any one laboratory test, particularly 
when, depending upon the test used, the result may indicate good 
or bad machining characteristics. 

It is this situation precisely dealing with the attempt to trans 
late laboratory results into production guidance that remains in 


tests 


question. Any conclusions based upon such laboratory 
must be evaluated carefully before attempting to apply thes 
‘onclusions to the production machining situation. 

We have found in the machining of steels at hardness leve 
up to 30 R, using high-speed steel tools similar phenomena as 
reported here using carbide tooling on higher strength steels con 
taining lead. It is interesting, however, to note that in those 
situations where tool life has fallen off with the hardness of leaded 
steels that this factor can be changed completely by appropriate 
Whether these changes 
which are effective in maintaining the value of lead using tool- 


changes in the geometry of the tool. 


steel tools can also be applied to this higher hardness level using 
carbide tools has not been investigated. 


7 LaSalle Steel Company, Chicago, IJ]. Assoc. Mem. ASME. 
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W. B. Wragge’ 


As one who has been associated with engineering and machining 


problems for many years, the writer offers the following com- 
ments: 


The 


life is based on the flank wear of the tool 


“tool-life end point’? which is used as the criterion of wear 
The abrasive nature of 
steel has far more effect on flank wear than has orthodox wear on 

For 
flank 


igh the chip sliding surface may not show anything 


the chip sliding surface which is related to machinability. 


example, with 


steel] ibrasive inclusions rapidly creates 
vear, altho 
like the same degree of weat 


flank 
rubbing effect of abrasive inclusions, usually at 


Putting it another way, front wear of a tool is in the 


main caused by 

: ; ie : 
relatively low specific pressures, whereas chip sliding-surface 
wear is the result of the surface softening of the tool by tempering 
caused by frictional heat generated resulting from chip pressure on 
the tool surface and the chip sliding velocity. 
Therefore, tool-life end point measured by a degree of flank 
correlatable with 


tests if the 


wear can Only be considered conventional 


Taylor type tool-wear various materials tested have 


similar quantities of abrasive inclusions present. 
The cutting speed-tool life curves presented in the paper are 
interesting, but in certain cases require credulity on the part of 


the reader. For example, one graph, Fig. 13, showing the results 


for leaded and nonleaded steel at the relatively high hardness 
level of 380 to 400 Brinell little difference, yet 


Table 2) in the papel the authors record that, under 


indicated very 
elsewhere 
the coefficient of friction for the leaded 
0.58 as compared with 0.85 for the nonleaded, while 


the machining conditions, 
steel is onl 
| urements for machining were 0.86 for leaded 
id 1.04 for the nonleaded 


the horsepower req 


ther words, the total work done 


less for the volume of metal 


d the 


0 eaded steel was Sire 


heat generated to be 


from the n the curves, tool life appears work- 


dep ndent and therefore tempe! il ure-dependent, one would have 


pected tool life increase in favor of the leaded steel. Certain 


needed regarding this anomaly 


Authors’ Closure 


vish to thank the diset their comments 


issers lor 


that a number of Important thoughts have been brought 


forth for further discussion 


In answer to Mr. Boulger’s comments 


ehemiecal a \ s ol each 


a certified cop) 
group of bars was furnished 
The mill 
) in independent chemistry laboratory The 

0.15 to 0 ided 


the | 


mill supplying the steel inalysis was further verified 
lead 
H47H and 4340H grades 
ided and nonleaded steel in 


(Also 


it-treated at 


content 


S55 in both the le 


mh the paper, botl 


grade were trom the same heat in everv case the 


und nonleaded bars were he one time. In 


Steel Works, Woodley 


addition, the microstructures of both were examined and their 
hardnesses measured. 

In the original work from which the paper was abstracted, 
As with 
the carbide tools, the tool life with the high speed steel tools 
was also less with the leaded 4147H steel at R, 40, and only 
slightly better on the leaded 4340H steel at R, 41. 

Throughout the entire series of turning tests, the cratering 


both high speed steel and carbide tools were used. 


type of wear on the tool was more pronounced on the leaded 
steels with both the high speed steel and carbide tools. However, 
as pointed out in the paper, at the lower hardness levels the 
cratering did not adversely influence tool life. It should also 
be noted that, in general, for all of the steels tested, after a given 
time of cutting the flank wear on the tool machining the leaded 
steels was less than on the tool cutting the nonleaded steels. 
However, the excessive cratering on the harder grades of leaded 
steels caused the tool to fail, even though the wear land on the 
flank of the tool was less than 0.015 in. The tool life end point 
on the carbide tools was a 0.015-in. flank wear land or tool failure, 
whichever occurred first. 

It should also be noted that in a number of the tests, many 
more test points were obtained than were plotted on the charts 
the 
in tool life values were small or where the results were the reverse 


presented. This was particularly true where differences 
of what one might expect. 

to state that an error was made in the 
information given for the tool life curves on the 4340H steel; 


no cutting fluid was used with the carbide tools. 


The authors regret 


However, as 
mentioned earlier, the results were similar with the high speed 
steel tools and, of course, a cutting fluid was used with these tools. 

Mr. Donaldson’s remarks regarding considerable improve- 
ment in tool life values in leaded forgings in the Brinell hardness 
range above 500 are very interesting. The authors’ experience 
with free machining grades of steels has been with steels having a 
11 or 380 Brinell. 

The authors wish to point out that in all of the tests, the cutting 
speed was increased until the tool life obtained was 10 minutes 


maximum hardness of R 


or less. Also, although not reported in the paper, three feeds, 
namely, 0.005, 0.009, and 0.019 in/rev, were used on the 4340H 
grade of steel. The results did not change the conclusions stated. 
It is the opinion of the authors that the cratering effect was a 
held 


fact, similar 


funetion of the material, since all other variables were 


constant in each comparison, As a matter of 
cratering wear on high speed steel tools has been observed by the 
authors when highly active cutting fluids were used. 

In answer to both Messrs. Nachtman and Wragge, the results 
of the tool life tests prove once again that the machinability 
factors tool 

as reliable guides for measuring tool 
The fact 
that, under carefully controlled conditions as regards grade of 
earbide, geometry ol tool, speeds, feeds, and depth of cut, the 
tool life results led to certain conclusions cannot be 


such as coefficient of friction, forces, or surface 
finish cannot be used alone 
life There are too many other important factors. 


ignored. 
One ean only speculate as to whether or not, under other cutting 
conditions, the relative tool life results would have been different. 
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A substantial reduction in power consumption, an increase in tool life, more effective 


utilization of cutting fluids, and improved surface finish on the machined workpiece 


K. J. TRIGGER 


Professor of Mechanical 
Engineering, University of 
Illinois, Urbana, Ill. 

Mem. ASME 


have been achieved by suitably controlling the length of tool-chip contact 
these findings are discussed in terms of basic variables in chip formation mechanics. 
Artificially restricted contact tools open new avenues for metal cutting research. 
Machining data obtained with such tools provide further evidence of the invariant be 
havior of the dynamic shear stress of metals under high-speed cutting conditions, and 


Reasons for 


unfold interesting information on the intricate nature of tool-chip contact 


Introduction 


= THE BASIC MECHANICS of metal machining was 
not properly understood until Piispanen in 1937 and Merchant 
[1]? in 1944 independently expounded and analyzed the shear 
theory of chip formation, the desirability of reducing tool-chip 
friction and hence improving tool performance had long before 
been recognized. DeLeeuw [2] in 1922 suggested the use of lathe 
tools with limited rake surface in order to facilitate chip flow. 
Such tools had actually been used by Klopstock [3]. 
artist’s sketch of the latter’s tool. 


Fig. 1 is an 
Ina paper prese nted at a meet- 
ing of THe AMERICAN Society of MECHANICAL ENGINEERS, 
Klopstock reported that the use of such tools resulted in a mini- 
mum of compression and deformation of the chip, with the conse- 
quent reduction in tool forces, saving on power consumption, and 
a more favorable manner of wear. Klopstock’s tool was made in 
dies by forging to produce the characteristic cup-shaped top sur- 
face. Visualizing the difficulty of preparing a tool of such intri- 
cate form, Herbert [4] suggested a truncated or compound tool 
which combined the advantages of both the obtuse and acute 
angle tools. The performance of double rake tools has been re- 
ported by Almdale [5] in turning, and by Armitage and Schmidt 
[6] in milling. After experimenting on several different com- 
binations of primary and secondary rake tools, the last two inves- 
tigators concluded that a milling cutter, provided with a 15 or 30- 
deg positive secondary radial rake and a negative primary radial 
rake surface extending, in width, one to two times the feed per 
tooth, They attributed the 
superior performance of the double rake cutter to (i 


was the most effective cutter. 


increased 


Fig. 1 The Klopstock tool 


1 This work evolved from a project sponsored by the Office of 
Ordnance Research, U. S. Army, under contract No. DA-11-022- 
ORD-1980. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Production Engineering Division and presented 
at the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of 
THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, March 
31, 1958. Paper No. 58—SA-42. 
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mechanical strength of the cutting edge afforded by the negative 
primary rake and (ii) lower power consumption with positive 
secondary rake angle tools. A somewhat different but more basic 
explanation is presented in this paper. By using a double rake 
cutting tool, the tool-chip interface temperature may either be 
higher or lower than that of a conventional tool without the 
secondary rake, depending on the extent of the tool-chip contact. 
Other important effects like reduction of tool-chip frictional force, 
increasing effectiveness of cutting fluid action, improved suriace 
finish, ete., by prope rly restricting the length ot tool-chip contact 


are discussed. 


The Influence of the Extent of Tool-Chip Contact on Interface 
Temperature, Shearing Strain, and Apparent Contact Stress 

The role which tool-chip contact plays in affecting tool-chip 
friction and cutting temperature was pointed out by the authors 
in 1951 [7]. 


ment of procedures for computing temperature distribution over 


Since then, further research has led to the develop 


the tool-chip contact [8] and to the clarification of the mechanism 
of crater wear [9]. Recognizing that the tool-chip contact length 
is one of the fundamental quantities in chip-formation mechanics, 
the effect of 
artificially controlling the length of contact on interface tempera- 


the authors decided early in 1957 to investigate (a 


tures, tool forces, and tool life; and (b) the feasibility of utilizing 
such control in improving the over-all economy of the machining 
process. From a theoretical point of view, artificially restricting 
tool-chip contact also provides a useful means of studying the 
basic variables in chip-formation mechanics 

Experimental evidence has established that, by reducing the 
contact length below the “natural” value, the tool-chip interface 
and 


temperature first decreases, passes through a minimum, 


eventually rises again upon further reduction of contact. Fig. 2(a 
illustrates the variation of tool-chip interface temperature, «as 
measured by the tool-work thermocouple technique, for the 
machining of an annealed pearlitic alloy steel at three different 
cutting speeds with a suitable grade of carbide as the contact 
length is successively reduced. 
100 F. 
significant in view of the findings of Schallbroch, Schaumann, and 
Wallichs [10! and those of the authors [9, 11] 


vestigators reported that, in dry cutting with high-speed steel 


The reduction in temperature 


amounts to about Such reduction may oftentimes be 


The former in- 
tools, the tool life varied inversely as approximately the 20th 


While it is known 
that the foregoing rule must be applied with caution, the results 


power of the tool-chip interface temperature. 


of Schallbroch, et al., do demonstrate the profound influence of 
interface temperature on tool life when the cutting conditions are 
such that the wear is essentially temperature sensitive. 

Fig. 2(b) illustrates a similar variation of the measured interface 
temperature with tool-chip contact length for the machining of 
Due to lack of 
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Fig. 2 Effect of tool-chip contact length on average tool-chip interface temperature at dif- 


ferent cutting speeds 


work material, data for contact lengths less than those indicated 
are not available. It is anticipated, however, that upon further 
reduction of the tool-chip contact, the interface temperature will 
eventually swing upward in a manner similar to that shown in 
Fig. 2(a) 

As has been pointed out in the literature [12], tool-chip inter- 
face temperature consists of two major components, namely, (i) 
that due to main chip shear and (ii) that due to frictional sliding 
of the already heated chip on the tool top surface. It is instruc- 
tive to find how the two components may vary with changes in 
contact length. 
and b). in both figures was obtained from tool-force 
dynamometer readings and chip thickness ratio measurements, 
employing equations given in reference [8]. In Fig. 3(a), some 
scatter of data for the shear zone temperature rise was noted for 


The results of calculation are shown in Fig. 3(a 
Curve @ 
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low values of contact length. This is attributed to the rather 
abnormal behavior in chip formation and the variation of chip 
thickness as is illustrated in Fig. 4. Chip formation appeared to 
be going through some sort of “transition.” The observed de- 
crease in tool-chip interface temperature with decreasing length 
of contact is due partly to the reduction in main chip shear and 
partly to the reduction in frictional energy dissipation at the top 
surface. Further decrease in contact length will eventually re- 
verse the latter’s trend and bring forth an over-all increase in 
interface temperature. In the case of machining copper, the ob- 
served decrease in interface temperature is due basically to the 
reduction in main chip shear as the length of contact is decreased. 
On the other hand, the temperature rise due to tool-chip sliding 
first stays more or less constant and then increases at an ac- 
celerated pace, with decrease in contact length. While no data 
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unusually high strain experienced in copper chips, the shear zone 
temperature rise is by far the predominating component. On the 
other hand, the relatively small temperature rise due to tool-chip 
rubbing is a consequence of the low sliding stress and the high 
thermal conductivity of copper which dissipates the frictional 
energy more readily than a stee! chip. 

While the chip strain is higher in machining copper, decreasing 
the tool-chip contact brings forth a substantial reduction in such 
strain. This is illustrated in Fig. 5. When the length of contact 
is reduced from 0.04 in. to 0.014 in., the shear strain decreases 
from 7.7 to 4.4, representing a decrease of approximately 43 per 
cent. In the case of steel chips, the corresponding values are 3.0 
and 2.8, representing a decrease of only 7 per cent. It is recog- 
nized that the foregoing comparison may not be completely justi- 
fied since different tool material and tool geometry are involved. 
Nevertheless, the trend is considered to be a representative one 

One of the major, and stubborn, problems in the mechanics of 
chip formation concerns the frictional behavior of the tool-chip 
contact. It is illuminating to examine the changes taking place in 
the apparent frictional sliding stress (S,) and apparent contact 
The 
culated from tool force and chip thickness data are shown in Figs 
6(a and 6). 


stresses (H,) as the contact length decreases. results as cal- 
It is seen that, in machining either steel or copper, the 
apparent sliding and contact stresses both increase with diminish- 
ing contact, with the contact stress changing more rapidly. 
Several years ago, the authors attempted to elucidate the fric- 
tional behavior at the interface by studying the influence on both 
S, and H, of changes in cutting speed, feed, and tool rake, but 
While the 


importance of the extent of tool-chip contact was recognized, its 


were not able to reach any definite conclusion [13] 


influence could not be independently evaluated at that time. On 
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varying contact length on the two components of tool-chip interface 


Fig. 3 Influence of 
temperature 


are available for contact length less than 0.015 in., it may be ex- 
pected that the variation will follow a course shown dotted in Fig. 
3(b). The nadir of the cutting temperature occurs where curves 
@ and (@) intersect. 

The relative importance of main-chip shear and tool-chip slid- 
ing in contributing to the over-all interface temperature rise for 
the machining of copper and steel is of interest. Due to the 
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0.04 NC 0.05 


IN. 


the other hand, when the variation of interface friction was ex- 
amined in terms of temperature changes, independent effects 
due to feed, speed, and tool rake were definitely found to exist. 
Results obtained in this investigation have shed considerable 
light on the subject. 

The contact and sliding stresses, H, and S,, respectively, in 


Figs. 6(a and 6) are apparent values. The true stresses depend 
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Fig. 4 Variation of chip thickness ratio with contact length 


i contact If these true stresses are represent d 
ire related to H, and S, by the following ex- 


1 and S, 


a 


ind “a” refer to real and apparent values, 
s construed to include the “plowing”? component 
the manner by which the true 


» changes in contact le nygth 


stresses may vary 
ind interlace tempera- 


is made to Figs. 2(a) and 6(a 


(A) Effect of Reduced Contact at Fixed Speed (450 fpm) 


iz the contact length from 0.040 in. (natural) to 0.010 


in. decreases the interface temperature by 90 deg or about 41/2 


percent on the absolute seal 


This may be expected to have some 


influence on 7 


hut is not considered to be of primary importance. 


Reduction in contact length also results in a slight decrease in 


Chip-strain and ¢ hip bulk if mperature In SO far as the conditions 


at the tool-chip contact asperities are concerned, the latter two 
exert 


only minor influence and tend to counteract each other. 
Consequently, for the case under study, and as a first approxima- 


tion, 7 msn 


ing H, 


be regarded as a constant. With the equations relat- 


and S, to 0 and 7 one can write 


where the subscript n.c. refers to natural contact. For constant 


r the left-hand side of the equation reduces to unity. 


From the tool force and chip thickness data, the ratio 7/¢ 
which is customarily referred to as the coefficient of friction) 
may be readily obtained and is shown in Table 1. 

It is seen that a significant reduction in the 7/o ratio occurs 
when the contact length is reduced from 0.040 to 0.010 in. On 
the assumption that the real area for o and 7 is the same and that 
an arbitrary value of 85,000 psi is selected for 7, the contact 
stress o and real contact area may be calculated, and are included 
in Table 1. Since the dynamic shear stress of the 4142 steel has 
been found to be 98,000 psi, it is unlikely that the average fric- 
tional sliding stress could exceed that value. 85,000 psi is be- 
lieved to be a reasonable estimate under existing conditions. 

The pronounced increase in o and consequently the reduction 
in T/o is attributed to a restraining effect imposed by adjoining 
asperities as the population density, which may be measured by 
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Fig. 5 Variation of shear strain with reducing length of contact 


the ratio of real to apparent area, increases due to reduction of 
the contact length. While there is a decrease in real area of con- 
tact due to increase in o, the ratio of A,/A, actually increases as 
tabulated in Table 1. Though the absolute magnitude of the 
real contact area depends on the assumptions used, the relative 
values are believed to be quite representative. 

The restraint or interference on the propagation of plastic 
deformation, due to the proximity of individual asperities, in- 
creases with population density, and, in the ultimate, the asperity 
hardness becomes the bulk hardness of the strain hardened chip. 
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Table 1 


Friction 
force, 
F-lbs 

167 
146 
120 
100 

78 


Contact 

length, 
in. 

0.040 
0.030 
0.020 
0.015 
0.010 


Normal 
force, 
N-lbs 

402 
390 
370 
350 


330 
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(a) 
Fig. 6 


In the foregoing discussion, a uniform population density of the 
It is quite likely that the dis- 
tribution is nonuniform, being less dense toward the region wher 


contact asperities was assumed 
the chip leaves the tool at natural contact length. A change in 


population density or a shift of contact asperities toward the 
cutting edge would also contribute to the sharp upward bend ot 
the o curve, Fig. 6(a). Ifa temperature effect on T is considé red 
or if the plowing component is appreciable, o will be even highe1 
than indicated in Table 1. 

the 
kinetic coefficient of friction decreases as the contact length is 
reduced. <A effect to 


changes observed in cutting hardened steels, or by changes in 


(s a consequence of asperity restraint, and its effect on o, 


similar is believed be associated with 


speeds, feeds, rake angles, ete. During the cutting tests, dis- 
continuities in force components, scatter in chip thickness data 
and a reversal in trend of the latter, change in chip to a wavy 
form (suggesting instability of the shear “‘plane’’) occurred at 
contact lengths less than ~!/; of natural. There appeared to 
be a change in the mechanics of chip formation. 
(B) Effect of Cutting Speed at Fixed Reduced Contact 

The experimental data reveal an increase in interface tempera- 
ture and chip thickness ratio, and a decrease in both force com- 
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and natural contact length as the cutting speed is in 
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tem 
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Table 2 summarizes the restraining effeet and interface 


peratures for several contact lengths at three cutting spee: 


Table 2 

Contact 
length, 250 tpm 
Ad," 


150 fpm 6950 Tpm 
in. 0 \é J e 4 
0 

10 
26 


59 


natural 
0.030 
0 O20 
0 OLO 


0 1700 
55 1690 
1650 
1620 


1575 
l DD 
1525 
1495 
* Temperature rise above tl 1 workpiece which 


temperature 


varied from 75 to 93 I 


An inspection of Table 2 reveals that the change in interface 
temperature has but a secondary role on the restraining effect 
and that the major factor is reduction of the contact length as 
noted by the general agreement, of the @/@n.c, ratios 
The numerical values of o and 7 do decrease with increasing 


temperature as expected, but the principal effect on interface fric- 
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co ae Gc eae WORK MATERIAL. ELECTROLYTIC COPPER 


| WORK MATERIAL AIS! 4142 STEEL 
TOOL MATERIA (8-4-1 #H 
TOOL MATERIAL K3H CARBIDE ° aioe ae 


2 TOOL GEOMETRY. 0-6-7-7-10-0-0.025" 
TOOL GEOMETRY: 0-(-10)- 7-7-10-0- 
ws ess FEED . 0.00369 ipr 
DEPTH OF CUT 0.101" 
CUTTING ENVIRONMENT . AIR (DRY CUTTING) 


FEED: 0.00979 ipr 
DEPTH OF CUT. 0101" 
CUTTING ENVIRONMENT. AIR (DRY CUTTING) 


LEGEND 
Ve? 250 fpm 
Ve =500 fpm 


Ve = 700 fpm 





LEGEND 
Ve= 250 fom 
450 fom 
>650fpm 








002 003 Bars on the 0.01 0.02 0.03 
TOOL cHieP CONTACT LENGTH F TOOL-CHIP CONTACT LENGTH, IN 
(a) (b) 


Fig. 7 Variation of normal and tangential forces on rake face with tool-chip contact length 


high asperity population 





similar analysis for the data in the cutting of copper with 
sper d steel tools at spt eds of 250 to 700 fpm reveals the same 


1 of trends though the relative changes are smaller. 


AISi 4142 STEEL 
a method has been introduced to determine t = 250 fpm , t= 


000979 
eheryemins spryrierieny ances 617i GE 420 ton ; t-o009re 
Tal eyama and Usui reported a line 
il and normal forces on the rake face -— 
ducing contact. This observation, however, is at variance 
btained in the current investigations. Figs. 7(a 
ariation of the two foree components 
iging contact lengths. The deviation from linearity is 
ed in the case of machining copper with HSS tools. 


uthors have no data for cutting brass, it is clear that 

1 and Usui’s results cannot, in general, be regarded as repré ELECTROLYTIC COPPER 

Ve =250 fpm , t= 000492ipr 
Ye =500fpm , t =0 00492 ipr 


Ve = 7TOOfpm , t -0 00492Zipr 


ntative. 


Constancy of Dynamic Shear Stress—-A True Property of 
Work Materials 


It has long been the contention of the authors that the aver we 
dynamic shear stress exhibited by metals in present-day high- 
speed machining operations is essentially a constant [15. 13] 
The heating effect due to plastic deformation occurs only after 
shear has taken place. Machining with reduced contact cutting 
tools offers a novel means to test further the general validity of 
such dynamic stress-strain relationship. It is one of the basic 


a a See ee 


SHEAR STRESS 
a 
° 


DYNAMIC 


n 
o 











physical laws without which a rational analysis of chip-formation 0.01 0.02 0.03 0.04 0.05 0.06 
mechanics cannot be made. Results of calculation for cutting TOOL-CHIP CONTACT LENGTH, IN 


both steel and copper are summarized in Fig. 8 which illustrates Fig. 8 Constancy of dynamic shear stress of work material 
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WORK MATERIAL. AISI 4140 , ANNEALED 
TOOL MATERIAL: K3H CARBIDE 
TOOL SHAPE: (0) CONVENTIONAL TOOL WITH NATURAL CONTACT 
O- (10)-7-7-10-45-0.020 
(b) TOOL WITH REDUCED CONTACT (0 0122" WHEN NEW 
0-(-10, #15)-7-7-10- 45-0.020° 
CUTTING SPEED: 700 fpm 
DEPTH OF CUT: 0.075 in 
FEED 0.0098 ipr 
CUTTING ENVIRONMENT: AIR (ORY CUTTING) 





—@®— CONVENTIONAL TOOL WITH NATURAL CONTACT 


—&— TOOL WITH REDUCED CONTACT 











16 20 
TOTAL CUTTING DISTANCE 


(u) 


Fig. 9 Comparative tool life: Conventional tool versus tcol with controlled contact 


once again, the invariant behavior of this dynamic property. It ometer readings were 170-190 microinches for the work surface 
appears, beyond doubt, that under such high strain rates as those machined with a conventional tool as compared to 120-130 
experienced in the shear zone of the work material during high microinches obtained with a controlled contact tool. 
speed machining operations, the dynamic shear stress remains un- The greater effectiveness of a cutting fluid with the controlled 
altered irrespective of variations in cutting conditions. In other contact tool (believed to be due to more favorable conditions for 
words, it is a true property of the work material. its entry) is not necessarily beneficial. If the fluid is chemically 
active to the cutting tool, reduced contact may be expected to 
Tool Life, Surface Finish, Power Consumption as Influenced sccentuate the effects, ‘This is illustrated by machining tests on 
hy Proper Control of Tool-Chip Contact AISI 4340, heat treated to 48 R,, using suitable carbide tools and 


a chlorine-additive emulsifiable oil. In three tests tools with 
The fact that there is a minimum in the interface temperature natural contact outlasted reduced contact tools over 2 to 1 (20 
as contact length is reduced suggests the possibility of lengthen- min to 9 min). On the other hand, the controlled contact tool 
ing the usable life of a cutting tool by properly controlling tool- was definitely superior when used with a commercial cutting oil. 
chip contact. This is indeed borne out by comparative tool-life The effect of reduced contact is strikingly demonstrated by 
tests for (a) dry machining of annealed AISI 4140 steel with a cutting at the temperature sensitive range of high-speed steel 
suitable carbide, and (b) machining of a high-temperature alloy tools. In a test on 4150 steel at 142 fpm and 0.011 ipr, the tool 
(Timken 16-25-6) with high-speed steel tools, using a commercial life to failure was increased 21/, times by reducing the contact 
cutting oil with additives containing sulfur and chlorine. In length from natural to '/; of that value. 
the first case, the development of tool wear, both at the flank and The cutting forces are lower with reduced contact tools. This 
on the top surface of the tool, is shown plotted in Fig. 9(a). Shown __ is, of course, to be expected since the frictional force on the tool 
also are photographs of the conventional and controlled contact top face is smaller and the chips are thinner with reduced length 
tool at several identical cutting times. It is significant that the of contact. For example, consider the machining of electrolytic 
cutting edge depression ‘‘a’’ is consistently smaller and the width copper with high-speed steel tools. At a cutting speed of 500 
of cutting land ‘‘b” is consistently greater for the controlled contact fpm, the power component of the cutting force for the tool with 
tool. It is the eventual break-through of the cutting land to the positive 6-deg rake angle drops from 166 lb to 96 lb when the 
adjoining flank which ultimately causes tool failure. contact is reduced from the natural length to 0.0136 in. This 
Fig. 9(b) shows the rather spectacular increase in tool life represents a decrease of over 40 per cent. For a positive 20-deg 
using the controlled contact tool in the presence of a cutting rake tool, the corresponding values are 152 lb for the tool with 
fluid. The increase in usable life is over 150 per cent. Profil- natural contact and 106 lb with contact reduced to 0.0132 in 
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25-6 HIGH TEMPERATURE ALLOY 

| HSS 

CONVENTIONAL WITH NATURAL 

0-10- 7-7-8 - 45-0020 

WITH CONTROLLED CONTACT 
O- (10 , 25) -7-7-8-45-0.020° 

SPEED fpr 

DEPTH OF CUT sty 


TOOL 
TOOL 
JTTING 


FEEL ).O1K 
CUTTING ENVIRONMENT: 
WITH S ANI 


ADDITIVES 


14 


ipr 
CUTTING ¢ 
JLPHUR 


HLORINE AT APPROK 


TOTAL 


(b) 


Fig. 9 Comparative tool life: 


decrease of about 30 per cent. Similar reduc- 


extent have been noted in the machining of 


Ll has been in use f 
the 


vill cause contact to spread to the secondary rake 


or some time, wear develops both 


irface and at flank. The development of the 


order to ascertain the saving in power consumption 


hining oper: tool-force data have been con- 


LL1IONSs, 


tinuousl mitored during prolonged cutting. The results 


10. In the 


are 


hown plotted in Fig 30-minute cutting period, the 


saving in power consumption amounts to over 17 per cent 


Conclusions 


(A) Of Theoretical Interest 


The dynamic shear stress of a metal may be regarded as a 


ommercial high-speed machining operations 


Tool- hip contact length, through its influence on chip as- 


perity flow stress, is @ major factor influencing interface friction. 
Temperature variations, both chip bulk temperature and inter- 
face play a secondary role. 


y The 


creases, has a pronounced influence on asperity flow stress. 


temperature 


restraining effect, as asperity population density in- 


{ Reduced contact cutting tools provide a valuable means for 
study of the basic problems in the mechanics of chip formation. 


(B) Of Practical Utility 


5 The measured tool-chip interface temperature decreases to 
a minimum as the length of tool-chip contact is reduced to about 
3 Of the natural value 
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CONTACT 


65 % DEPTH OF CUT 


CUTTING DISTANCE , 


+ 


AT APPROX! 
1 DEPTH OF 
2 


CuT 


NOSE WEAR (TOOL WITH CONTROLLED 
CONTACT ) 











400 1600 


FT 


Conventional tool versus tool with controlled contact 


6 Machining with tools of properly controlled contact. re- 


sults in longer tool life, greater effectiveness (good or bad 


cutting fluids, improvement in surface finish, and reduction in 


ol 


power consumption. 
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The chip-tool contact length in metal cutting is usually allowed 
to assume a “natural length’? which depends on a number of 
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this ¢ length 


as the title of the paper says, one obtains a 


cutting conditions. festrieting artificially ymntact 
r “controlling’’ it, 
new variable in tool geometry. 

The study of effects of this variable upon the cutting process is 
at present being given far more attention than in the past, and 
this paper is a significant contribution to the study of the role 
which the chip-tool contact length plays in metal cutting. 

There is, however, another new variable which will be intro- 
duced into the cutting process as soon as the chip-tool contact 
length is restricted. To show the meaning of this second varia- 


ble let us first look at a conventional unrestricted 


11(a@). 


The tool-flank clearance angle is a well-known and indispensable 


situation 


chip-tool contact and tool-flank clearance angle, Fig. 


feature of every cutting tool in metal cutting, the purpose of this 
angle being to prevent excessive rubbing between the tool and 
workpiece surface. 

Now considering generally the restrietion of chip-tool contact 
one can see that probably the most practical way of achieving 
such restriction would be the introduction of a ‘‘tool-face clear- 
ance angle,”’ Fig. 11(b). The tool-face clearance angle then is the 
second variable we introduce in the cutting-tool geometry to- 
The tool-face 


clearance angle provides a clearance between the chip and tool 


gether with restricted chip-tool contact length. 


face in a direct analogy to the tool-flank clearance angle which 
We can 
even say that the tool-face clearance reduces excessive rubbing 
The 


results presented in Fig. 7(a, b) show friction force being re- 


provides a clearance between the workpiece and tool. 
between the chip and tool in exactly the same manner 
duced when clearance between the chip and tool face is provided. 


As we have seen there is a similarity in the meaning and ef- 
fect of both clearances angles, the first on the tool flank and the 
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cause the flank-clearance angle provides a clearance between the 
tool and workpiece both of which are very rigid, and do not 
change shape appreciably during cutting. Contrary to that, the 
tool-face clearance angle provides a relief between the tool which 
is rigid and the chip which is comparatively flexible. Even at the 
point where the face clearance starts, the chip undergoes a change 
of shape from being straight, as it runs along the tool face, to 
being curled at the point when it leaves the tool face. Here a 
situation may arise when the chip is only partially cleared by the 
—,f tool-face clearance angle. 
As Fig. 12(c) illustrates, in such a case the chip is in contact 
not only with the tool face but also at some length beyond where 


natural chip-tool contact restricted tool face width Q ; ; 
Such a situation of partial clearance occurs 


length chip-tool contact length clearance starts. 
rake angle ‘ rake angle when the tool-face clearance angle is very small or the remaining 
tool flank clearance de tool face clearance angle tool-face width is small, of the order of uncut chip thickness t 
Meicseiabinient nical or less. For instance, if only the width of the tool face is altered, 
Fig. 11(a) Conventional tool Fig. 11(b) Relieved tool face Fig. 12, in an experiment, and tool-face clearance angle is kept 
ee Unresticted tect geometry constant and large enough to clear the chip at the beginning of 
reduction of the chip-tool contact, Fig. 12(b), then for a certain 
a ee ae oy eee ee Se reduced tool-face width the tool-face clearance angle ceases to 
: ste nail cle ir the chip completely, Fig. 12(¢ 
poe sh : 8 "a pie ner etiam ee Further re luction of the tool-face width increases the chip 
n at th ee : : ; contact over the relieved area until the tool-face width is zero, 
= sipetiieactete alba —— only the cutting edge to rub ‘eat the Fig. 12(d). Here we have again a conventional tool shape with 
rela chet Aah etapa de here ss tool-fa e clearance sorenaets start irom rake angle increased by the magnitude of tool-face clearance angle 
the cutting ¢ Cee t a enarReee Corecy 910 be obtained. A certain Fig. 12(c) shows actually that the chip-tool contact does not 
“width of tool er eer restricted chip-tool contact length) necessarily decrease when the width of the tool face is reduced 
should be left. Otherwise, starting to seine tae the tool face jovon 1a certain minimum. The chip simply starts to be sup- 
directly from the extreme cutting edge, we obtain just a tool with ported by the relieved portion of the tool face and the contact 
increased ra e angle and a nat ira chip-tool contact length. nse incconens wit demids Gethin eis 
ng s nt ae ae These considerations lead to the conclusion that the chip-tool 
oe pe 8 ces ; oe ee contact area is not always identical with the restricted width of 
rally, would have no effect dada om ar saga ol the tool. Be- the tool face. Fig. 13 shows qualitative relation between the 
tween these limite cl osama of the tool face has an effect upon the actual chip-tool contact length c and the width of the restricted 
en the tool : ; : . tool face f, the letters indicating the portions of the curve corre- 
Now let us consider the possible effects of the magnitude of 1.4 to the conditions illustrated in Fig. 12. 
tool-face clearance angle. We can expect in advance that the ; = 
variation of the tool-face clearance angle may have a more pro- 
nounced effect upon the cutting process than the variation of the 


clearance angle on the tool flank. This may be expected be- 





a 





0 r 
inch J 
Fig. 13 


Qualitative relation between the actual chip-tool contact length ¢ and 
the width of the restricted tool face f. Portions of the curve A, B, C, and 
point D correspond to the conditions illustrated in Fig. 12. 


Portion A of the curve in Fig. 13 corresponds to a condition 
where the tool-face width is greater than the length of the natural 
tool-chip contact as shown in Fig. 12(a). Here relief of the tool 


A_ Relieved tool face does not reduce the chip-tool contact length when _ face does not restrict the chip-tool contact. Reducing the width 
the tool face width is larger than the natural chip-tool contact length f > cn. of the tool face f we come to the point where the tool-face 
B_ Reduction of chip-tool contact ¢ is obtained when the tool face width . : sai Bt i 
f is smaller than the natural chip-tool contact length c, f < cn. Chip-tool width and the chip-tool contact length are equal, at the beginning 

contact is equal to the reduced tool face width, c = f. 
C Further reduction of f results in a partial clearance of the chip and ing through zero shows that the tool-face width is smaller than the 
i oe yr oat +s greater than the tool face width, ¢ > f. natural chip-tool contact length and that the chip-tool contact 
iginal = ° . ° 
) rigina too ace reduced to zero, f 0, and because of thata c is reduced and equal to the width f, Fig. 12(b). 
cutting tool of a higher rake angle a + {is obtained. A different natural 2 
Reducing further the width of the tool face f we would natu- 


chip-tool contact length cn’ would correspond to this new rake angle of the 
tool. rally never reach a “zero contact length” between the chip and the 


of the section B of the curve. From here on a 45-deg line, B pass- 
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tool simply because the stress on the contact area reaches 
the plastic-flow limit of the chip material and the chip will yield, 
thus increasing the contact area again as Fig. 12(c) shows. 
Further reduction of f would be accompanied by the increase of 
contact length on the relieved portion of the tool face, and when 
f = 0 the chip-tool contact length will reach a natural value OD, 
Fig. 13, for a tool with an increased rake angle as shown in Fig. 
12(d). 

Now let us look at the Fig. 6(a) where the variation of the ap- 
parent stress at the chip-tool contact is presented. In the light 
of the foregoing considerations we can see that the curve shown 
for H, would not increase still further in the vicinity of zero but 
will reach a certain maximum because the chip-tool contact area 
reaches a certain minimum (according to Fig. 13). Then, of 
course, the H, curve will turn down as the tool-face width de- 
creases and at zero will reach a value corresponding to that of 
the increased rake-angle tool as shown in Fig. 12(d). 
of such a curve is given in Fig. 14. 
for curve S 


The shape 
A similar trend would hold 


a* 








Effect of partial clearance would bring the curve Ha down again in the 
region of small values of f. 


a 
% n 
\t 
‘ 
a 
Natural chip-Loel contact 


oe f Coot. Lace aide 
Fig. 15 
Variation of chip thickness ratio, Fig. 4 of the paper. On the right side 
the curve levels to a horizontal line after point 1. At the zero width 
or original tool face the curve reaches point 2 which would lie higher than 


the horizontal line on the left side, because the chip thickness ratio is usually 
higher for a higher rake angle. 


Fig. 4, showing variation of chip-thickness ratio, can be made 
more complete by extending the curve to point 2 as shown in Fig. 
15. Point 2 should lie higher than point 1 because the chip- 
thickness ratio usually increases with rake angle. 

Similar alterations of the curve trend for the small tool-face 
width are appropriate also for Figs. 7(a and b). Here the forces 
N and F at the point where the tool-face width is zero will reach 
values corresponding to the conventional tool geometry with an 
increased rake angle shown in Fig. 12(d). 

Furthermore, curves for the shear strain and extrapolated 
portions of the temperature curves can be partly altered and 
made more complete in accordance with the foregoing considera- 
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tions showing that the restriction of chip-tool contact is pos- 
sible only up to a certain limit where the chip materials start to 
yield plastically and a transition to the tocl with a higher rake 
angle will begin. 


M. C. Shaw‘ 


The authors have presented interesting data concerning the 
performance of cutting tools with artificially limited contact 
lengths. One of the most interesting observations that have 
been made concerns the influence that a reduction in contact 
length has upon the apparent shear and normal stresses on the 
tool face, Fig. 6. Here it is evident that the shear stress increases 
more slowly than does the normal stress when the contact length 
between chip and tool is reduced, which in turn causes a reduc- 
tion in the so-called coefficient of tool-face friction with contact 
length. This behavior was predicted in a discussion of the frie- 
tion process in cutting previously published in this journal. 
Here it was reasoned that for ordinary friction sliders the real 
area of contact, Ar, is a very small percentage of the apparent 
area of contact, A, and under such conditions the plastic flow 
associated with sliding is predominantly confined to surface 
asperities. It is under such conditions (Ar/A < 1) that 
Amonton’s law of friction holds, which states that the shearing 
frictional stress for a slider is proportional to the normal stress. 
\monton’s law holds in region A of Fig. 16. 


—-~-Ar_ 
a x —" 
B 








Fig. 16 


At the other end of the friction spectrum we have the case 
where all of the plastic flow associated with sliding occurs within 
the bulk of the metal. In this case Ap = 
shear plane within a solid metal. Here, as is well known, the shear 
stress is independent of normal stress, and this condition is 
illustrated by B in Fig. 16. of Ap/A will be 
found along the connecting curve. Under normal metal-cutting 
conditions the ratio (Ap/A) is intermediate between that at A 
and B (such as point 1 in Fig. 16), since the normal stress on the 
tool face is a very high but finite value. When the contact length 
is artificially reduced, the operating point will shift from 1 to 2 
in Fig. 16, and it is evident that the normal stress will increase a 
greater amount than does the shear stress, a result which is in 


A and we encounter a 


Intermediate values 


agreement with the authors’ findings in Fig. 6. 

One of the important quantities the authors have not discussed 
in connection with limited tool-face contact length is chip curva- 
ture or curl. In this paper the authors have studied but one 
method of vary ing contact length, namely P the ge ometrical one of 
grinding material away from the tool face, so that it is not pos- 
is the natural way in 


sible to have extensive contact. Chip curl 


which a variation of contact length is effected under ordinary 


machining conditions. When an effective low-speed cutting fluid 
is used (such as CCl,) the primary influence this material has is 


not in the lubrication of the tool face, as is commonly thought, 


4 Professor of Mechanical Engineering, Massachusetts 
Technology, Cambridge, Mass. Mem. ASMI 

§T. Finnie and M. C. Shaw, “The Friction Proce 
ting,’”’ Trans. ASME, vol. 78, 1956, p. 1649. 
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This, 
in turn, causes a reduction in the chip-tool contact length which 


as dramatic an effect upon cutting forces and tool per- 


but is rather associated with a change in chip curvature. 


has just 


formance as the geometrically produced reductions in area that 


scussed by the 


are here di 


\ detailed discussion of this 


} 
tuthors 


new view of the 


ction of cutting fluids was given in a paper pre- 


sented at the 1958 Annual Meeting of the American Chemical 


Ssociet 


in Chicago 


The authors which 


fluid 


a fluid containing sulfur or chlorine) will be 


infer that a cutting functions by 


chemic il action (1.6 
more etfective 


tool 


vhen used in conjunction with a limited-contact 
The 


in the redue- 


than when used with a tool of conventional design. 
reasoning behind this statement is clear and lies 
tion in contact length, making it easier for the fluid to penetrate 
However, there are two addi- 

there 
] 


larger percentage Improvement in 


the shorter distance to the tool tip 


t 
LIOT 


ial actions which are overruling and which result in 


i smaller rather than a 
is used at 


formance when a good cutting fluid (such as CC], 


speed i tool of reduced contact length: 
improvement to be derived from the fluid which 
contact 


length and hence cannot be real- 


length is anticipated by the geo- 


limitation of contact length causes an ap- 
(and he nee 
difficult 


tool point so that it can 


the normal stress on the tool face 


1) which in turn makes it more 
vay to the 


creased improvement found with a cutting fluid by the 


ted from cooling and not from chemical action. 


the authors that a reduction in contact length 
improved tool le im 
is 


sociated with the 


all cases exce pt one = when a hardened 


eel was cut In this case the intensification of normal 


Stress a reduction in contact length gave a tool 
temperature that 


Zlatin and Gould. 


ficial to tool 


was too high. A similar result was found by 
In this case it was found that lead was bene- 
He in all cases except when the workpiece was hard 
R. 40 One of the major elects of lead in steel is to increase 


hip curvature and thus reduce contact length As in the case of 


the authors’ results a reduction in contact length was beneficial 


except when the steel was very hard. It is possible still to achieve 


gain due to reduction in contact length in such cases if the chip 


and tool are strongly cooled (no cutting fluid was used in the 


Zlatin-Gould tests This was apparently the case in the au- 


thors’ test. From the improved effect of the cutting fluid observed 
with reduced contact length in this ease it should not be coneluded 
that such an effect will always be associated with a fluid; as for 
Instance, at lower speeds where the major function of the fluid 
ceases to be of a cooling nature and shifts to one of chemical ori- 
gin. In cases where chemical action is predominant the redue- 
tion in contact length should hinder, not aid, the penetration of 
fluid between chip and tool 

In addition to the cutting fluid there are several other methods 
Of naturally increasing chip curl and thus in reducing chip-tool 
contact length 


Authors’ Closure 
The 


comments Lr 


authors wish to thank both discussers for their interesting 


Albrecht’s remarks concerning the influence of 
secondary tool-face contact are very pertinent. The reverse in 
the trend of variation of r; with decreasing length of tool chip 
contact, as shown in Fig. 4 of the paper, has been found to coin- 


cide with the occurrence of secondary tool-face contact. Recent 


data indicate that the extent to which the primary contact length 


N. Zlatir 
Machi 


rand J. \ 
Alloy 


Gould, ‘The 


Steels,”’ 


Iiffect of a Lead Additive on the 


ibility of published in this issue, pp. 131-138 
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may be restricted without causing secondary contact depends, 
among other things, on the secondary rake angle 6.7 Let this 
limiting, or critical, length of primary contact be designated by 


fer. For the machining of electrolytic copper with HSS tools, it 


has been found that fer/t; ~ 2 fora = 6 deg, 8 = 24 deg, and t, 
= 0.00492 ipr. Changing the cutting speed from 250 fpm to 500 
On the other 
hand, when @ is increased to 64 deg, fer/t: becomes less than 0.75 
the 
variation of measured chip-thickness ratio with the reduction of 


fpm produces no noticeable effect on this ratio. 


under otherwise identical conditions. Fig. 17 illustrates 


primary cutting-edge width. The precise value of f.r for the 
second case was not obtained due to the poor mechanical strength 
of the tool edge. 
dotted portion of the curve in Fig. 14, becomes difficult since even 


Interpretation of H, and S,, as shown by the 


the averaged stresses at the primary and secondary contact sur- 
Dr. Albrecht stated: “There is, how- 
ever, another new variable which will be introduced into the cut- 


face will be very different. 


ting process as soon as the chip-tool contact length is restricted.” 





WORK MATERIAL: ELECTROLYTIC COPPER 
TOOL MATERIAL: 16-4-| HSS 

FEED. 000492 ipr 

DEPTH OF CUT: 0.100 in 


LEGEND 
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“26°, £ 224°, Ve =500fpm 
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Fig. 17 Influence of primary cutting-edge width on chip-thickness ratio 


With this, the authors cannot concur since a two to threefold 
increase in H, may be readily experienced without the occurrence 
of secondary contact. The primary purpose of the paper was to 
evaluate the theoretical as well as practical implications of 
machining with a controlled contact tool in which the contact be- 
tween the chip and tool was essentially on the primary rake sur- 
face. The regime of investigation corresponds to portion B in 
Fig. 13, which may extend to nearly #/, of the length of the 45-deg 
line shown. 

Professor Shaw’s comments regarding the influence of the ratio 
of apparent-to-real areas of contact on tool-chip friction behavior 


are in harmony with the view expounded in the paper. In fact, 


7 8 was referred to as tool-face clearance angle by Dr. Albrecht. 


Transactions of the ASME 





: | 
< 
3 
4 


Tool: K3H carbide 

Work: AIS! 4140 annealed 
Tool shape: per Fig. 9(a) 
Sfpm: 700 


Feed: 0.0098 ipr 
Dry cut 

Left: Reduced contact 

Right: Natural contact 


Tool: Tl HSS 

Work: 16-25-6 alloy 
Tool shape: per Fig. 9(b) 
Sfpm: 68 


Feed: 0.0104 ipr 

Fluid: Cutting oil with 
Left: Reduced contact 
Right 


additives 


Natural contact 


Fig. 18 Chip curl as influenced by contact length 


the results shown in Fig. 6 are, perhaps, the best supporting evi- 


dence of the empirical relationship depicted in Fig. 16 when 
Ap/A is close to unity. 

The authors have only recently had the opportunity to study 
the new view proposed by Professor Shaw in the paper, “On the 
Action of Metal-Cutting Fluids at Low Speeds,” 


qisecussion. 


referred to in his 


Representative data presented in his paper for the cutting of 
B1213 steel and lead with HSS tools in the presence of various 
cutting fluids were obtained at a cutting speed of 1 in/min. 
Contact asperity conditions, strain rate, strain gradient, adia- 
baticity, reaction time, ete., ina process under such conditions 
are vastly different from those which obtain under the conditions 
cited in the authors’ paper (68. + fpm with HSS tools and up to 
700 fpm with carbides). 

Since the preparation of the paper numerous tests on Timken 
16-25-6 alloy, CF4 and CFS8 austenitic stainless-steel castings with 
HSS tools under dry cutting conditions have demonstrated the 
The tool 
life expressed in flank wear is 20 to 30 per cent longer with tools 


improvement possible with controlled contact tools. 


having the contact restricted to about !/; of the natural value 
The surface finish improvement was particularly noticeable in 


the soft CF4 and CFS alloys. 
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Restriction of contact area has the effect of “hard ning 


soft material in so far as surface finish and tool- hip Iriction are 
concerned. 


If a eutting fluid is more active to the tool than to the worl 


flank wear is accelerated (compared to dry cutting) and the 


effect is more pronounced with reduced contact tools 


During the course of the investigation it was observed that 


artificially restricting the tool-chip contact had a significant in 
ct length 


fluence on chip curl. Reduetion in conta except to be 


was accompanied by an increase in chip 
Zlatin and Gould® re 


port a lower coefficient of friction for leaded steels in several con 


low the limiting value 


curvature. Fig. 18 illustrates the effect 


ditions and refer to the “more tightly curled chip It has often 


been stated that the chip is born curled. Professor Shaw contend 


that chip curl is the fundamental variable which controls tool 


chip contact (and influences the friction there). The authors con 


tend that tool-chip interface friction (whether altered by contact 


length, lead, and so forth) is more basie and that chip curl is 


the result rather than the cause. They cannot that ob 


agret 
servations made at cutting speeds of 1 in/min (where the cut 
a chemical nature) are 


conditions at speeds many hundredfold higher 


ting-fluid action is of representative ol 
where the cut 


ting-fluid function is principally cooling 
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A Study of the Effects of Tool Flank 


D. R. OLBERTS 


Engineering Scientist, Research 
Laboratories, Allis-Chalmers 
Manufacturing Company, Milwaukee, 
Wis. Assoc. Mem. ASME 


Wear on Tool Chip Interface Temperature 


A study of the effect of land wear upon the interface temperature between a carbide tool 
and an AISI 1015 steel workpiece ts presented. 
to eliminate the effects of cratering and to produce uniform wear lads. 
thermocouple technique was used to measure the interface temperature. 


The wear lands were ground on the tools 
The tool-work 
A calibration 


of the thermocouple wus obtained through the use of a technique suggested by Backer and 


Krabacher. 


produces a lower interface temperature than a sharp tool. 
beyond 0.010 in. to 0.020 and 0.030 in. the temperature again rises. 


The results at all feeds and speeds indicate that a wear land of 0.010 tn. 


When the wear land increases 
Studies of the 


variation of the chip thickness ratio with wear land indtcated that the greater the land 


wear the lower the chip thickness ratio. 


Introduction 
= TEMPERATURES oOf*the cutting tool and its role 


determining tool life were first emphasized by Taylor [1]? in 


in the Art of Metals.’ 


ve appeared on the measurement of tool temperatures 


Cutting Since then many 


and the correlation of tool temperature with tool life. 


One approach to the problem has been to study the effect of 
wear on tool-work and tool-chip interface temperature 
gger [2] have presented an analytical means that 


the 


face and the effect of land wear upon the interface temperature. 


Chao and Tr 


will allow calculation of temperatures throughout inter- 


A different approach was used in the present study in that an 
experimental determination of the effect of ground-on-wear land 

face temperature was made. Wear lands were ground 
tools to eliminate crater wear as a variable and to prov ide 
The experimental variables 
The tool-work 


uniform and accurate wear lands 
were land wear, cutting speed, and cutting feed 
used to determine interface tem- 


th rmocouple 


technique was 


peratures 


Experimental Setup 
The experimental setup is illustrated in Fig. 1. 
ised is 


macni { experiments were conducted on a 


The thermo- 
similar to that described by Trigger [3]. 
14-in. 


The workpiece was an annealed AISI 


electric circuit 
The 
Prentice 

1015 seamle 


outside diameter 


Reed- 

lathe. 
3s steel tube of 0.250-in. wall thickness and 63/, in. 
which was machined down to a wall thickness 
of 0.156 in. and an outside diameter of 62!/3. in. The tube was 


ld 
held 


firmly in a four jaw chuck and tube distortion caused by 
heavy 
e Fig. 2). All cutting 


pressul minimized with a plug which was 


experiments ‘onducted dry. 

Th up shay d the design of the tool holder are shown in 
Fig. 3. The carbide Grade NS-6, 
blant 1490. Five tools were made so that five different wear 
lands 


inserts were “Newcomer” 


No 
ground at the same time and thus produce 
submitted in partial fulfillment of 
for the degree of Master of (Mechanical 
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Fig. 1 Experimental setup used to determine cutting temperatures 
The 
clearance faces, rake angles, and wear lands were ground with 
a Norton tool grinder using a 6-in. diam, 120-grit diamond 
wheel. The width of the wear lands were checked with a Bell 
& Howell Co., optical “Pocket Comparator.” 

The y co-ordinate of the z-y millivolt recorder was supplied 
with a voltage that increased uniformly with respect to time, 


wear land and tool geometries as similar as possible. 


thereby providing cutting time as one co-ordinate and the tool- 
the other. Iron-constantan 
thermocouples were brazed to the reference end of the carbide 


work thermocouple output as 
rod and workpiece brush to monitor the reference Junction tem- 


peratures during experimentation. 


Calibration Procedure 

Several different ways of calibrating the tool-work thermo- 
couple were studied. Most of the calibration methods required 
a fairly long cycle time to insure that the tool-work thermo- 
couple and reference thermocouple remained at equal tempera- 
tures. It was found that a long calibration cycle was not con- 
venient with the short carbide rod used in this investigation be- 
cause the cold junction of the rod heated up thereby causing an 
inaccurate calibration. 

The simplest and by far the quickest method found to calibrate 
the thermocouple was similar to the technique suggested by 
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Fig.3 Tool used for determination of interface temperature 


Backer and Krabacher [4]. The setup is shown in Fig. 4. In 
this technique a reference thermocouple and the tool-work ther- 
mocouple were heated simultaneously in a manner that main- 
tained the temperature of the two thermocouples essentially 
all times. 
corded on an 


equal at The output of each the rmocouple was re- 
x-y millivolt Since the output of th 


reference thermocouple with respect to temperature was known, 


recorder. 


the record provided a simple calibration chart for the tool-work 
thermocouple. 

The two thermocouples were maintained at equal tempera- 
tures by placing the reference thermocouple in a '/g-in. diam bead 
of silver. The carbide rod and a chip from the workpiece wert 
then touched on the surface of the bead. The bead was placed 
against a nichrome strip which was heated by passing a large 
electrical current through it. thermoconductivity 
of the silver insured that temperature gradients in the bead were 
small. The bead was heated rapidly, but at a rate below the 
response rate of the recorder. After about 15 seconds the tem- 
perature approached the meMing point of the silver and the 
electric current 


The good 


was shut off. The temperature in the bead 
dropped to near room temperature in about three minutes and 
provided a check on the amount of variation in temperature 


between the two thermocouples. The more the temperature 
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Fig. 2 The workpiece, tool, and 
brush in cutting position for deter- 
mination of interface temperature 
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Fig.4 Experimental setup used to calibrate tool-work thermocouple 


variation, the greater was the spread between the increasing and 
decreasing curve, 

Kach of the five tools used in this study was calibrated. A 
comparison of the calibration curves revealed that three of the 
five tools had calibration curves that were the same, but which 
differed substantially from the other two which were also thi 


same. Fig. 5(a) shows the calibration curve obtained with the 
three tools, and Fig. 5(b 


tools 


the curve obtained with the other two 
A calibration curve was also obtained with the carbide 
rod and the chip. This curve coincided with curve (b 

ach of the calibration curves was reproducible within +25 I 
Room temperature, which was 80 F, was used as a reference junc 
tion temperature. As may be seen in Fig. 5, the calibration curve 
was not linear but appeared to be formed of two linear parts 
joined by a gradual bend. The upper part of the calibration 
curve was found to be linear up to about 1600 F (the melting 
point of the silver bead). For higher temperatures, the upper 
part of the calibration curve was assumed to continue on linear] 


Trigger [3] has pointed out that slight differences between the 
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) 5 10 15 
TOOL-WORK THERMOCOUPLE 
OUTPUT - MILLIVOLTS 


Fig. 5 Typical calibration curves for grade NS-6 carbide-AlSI 1015 steel, 
tool-work thermocouple, (a) curve obtained with three carbide tips, (b) 
curve obtained with two tips that had same composition as the carbide 
rod 


tip and earbicde rod can cause a 


] 
output of a tool-work 


ind the 


| composition, while 


thermo- 
tips carbide rod were 
three of the tips 


composition The 


existence of this 
tips and the rod might be significant 
ats up during a cutting operation a 
generated between the carbide rod and the 
il Chis emf could obscure the main emf 

itting interlace 

vas conducted to see whether or not a parasitic 
generated between one of the three like carbide 
rod. The normal calibration procedure was 
r bead temperature of 1400 F 


torch flame was pl ed 


il yhen i Siive 
ipon the carbide tip in the 
the tip-rod junction This heated the tip to about 
iltered the calibration curve by up to 50 F. secause 
re at the junction of the tool tip and the carbide 
145 ] 


periments, any 


e above ind never above 165 F during the 


chining ¢ errors In temperature measurements 


iat may have been caused by a parasitic emf did not appt ar to be 


significant enough to alter the temperature 


y | trends found in this 


Investigation 


Several machining experiments confirmed these conclusions. 
In these experiments the same wear land was ground on both of 
the two types of tips and cuts were made with each tool under 
the same 


cutting conditions. The temperatures obtained were 


either the same or the differences were within the possible experi- 


mental error 


Experimental Procedure 


The tube was first turned and bored to size. The tool to be 
experimented with was then placed in the tool post and the 
wear land aligned with the end of the tube so that an end cut could 
The 
proper speed and feed were set up on the lathe, the millivolt 
recorder zeroed, and readings taken of the temperatures at the 
The lathe was then started and the feed 
Just before the tool touched the 


be made This gave a two-dimensional or orthogonal cut. 


relerence junctions 


mechanism placed in gear 
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Fig.6 Recording of tool-work thermocouple output for NS-6 carbide tool 
and AISI 1015 steel workpiece 


(a) Feed: 0.075 ipr 
Land wear: 0.030 in. 


(b) Feed: 0.015 ipr 
Land wear: 0.010 in. 


workpiece, the time-proportional-voltage generator of the z-y 


After 


Was stopped and final readings of the reference junction 


recorder was started. 10 to 20 seconds of cutting, the 
lathe 
temperature were taken. This procedure was repeated for all 
of the ¢ utting conditions 

In this manner the emf output of the tool-work thermocouple 

was determined with tools having ground on wear lands of 0.000, 
0.010, 0.020, 0.030, and 0.040 in.; with lathe speeds of 145, 283, 
157, and 532 sfm; and feeds of 0.0075 and 0.015 ipr. The depth 
of cut was constant at ‘ in. and corre sponded to the tube wall 
thickness. 

Chip specimens were also obtained at the start and near the 
finish of each cut. Several 10-in. lengths of tube were used to 
10-in 
same 20-ft length of commercial tube to insure that the chemi- 


cal composition and phy sical properti¢ s of the tubes were as uni- 


comple te the experiments Each tube was cut from the 


form as possible. Several reruns of all data were conducted 


inthismanner. The tools were reground for the reruns. 

Two typical records of the tool-work thermocouple output 
versus cutting time are shown in Fig. 6. In general, the record 
The re- 
producibility for a given run without regrinding was within 
With regrind- 
ing, 66 per cent of the millivolt readings fell within 0.2 millivolt 


smoothness varied between that of the two examples. 
plus or minus 0.2 millivolt (plus or minus 20 F). 


of the original reading, and in 85 per cent of the cases the spread 
was 0.3 millivolt or less. 


Effect of Land Wear on Temperature 


The variation in the interface temperature with land wear for 


each speed and feed is given in Fig. 7. It is seen that each plot 


follows a similar pattern. When the wear land was increased 
from zero to 0.010 in., the interface temperature decreased by 
up to 110 F. When the wear land increased from 0.010 in. to 
0.020 and 0.030 in., the temperature increased, and finally at a 
0.040 in. wear land the temperature again decreased. 

The initial drop in interface temperature is predicted by the 
interface-temperature calculations of Trigger and Chao [2]. 
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Table 1 


Temperature differences that occur at the tool-work interface when the feed and cutting speed are doubled 


Temperature difference, deg F 


Wear Double feed from 
0.0075 to 0.015 in/rev 
at a constant speed of 


145 sfm 


Double speed from 145 
land, to 283 sim at a con- 
im. >< stant feed of 0.0075 
10 in/rev 
0 {SO 280 
10 460 320 
20 310 150 
30 {SO 175 
40 335 170 


Their work indicates that a noticeable drop in tool-chip interface 
temperature (up to 100 F) occurs as the wear land increases from 
zero to about 0.005 in. When the wear land further increases 
to 0.010 in. the temperature increases slightly. 

The tool-work interface temperature, however, is considerably 
lower than the tool-chip interface temperature as the wear land 


half 


then increases continuously as the wear land increases. 


forms (less than The tool-work interface temperature 
The tem- 
perature shown on Fig. 7 is an average of these two interface 


temperatures (except when a sharp toolis used). The drop in the 
measured interface temperature at 0.010-in. wear land is appar- 
ently caused by a combination of the drop in tool-chip interface 
temperature and the averaging effect of the lower temperature 
tool-work interface For greater wear lands the tool-work inter- 
face temperature increased substantially and, consequently, the 
measured temperature increased 

The calculations of Trigger and Chao were not earried out for 
Somewhere between 0.010 and 
0.020-in. land wear, the measured interface temperature again 
Apparently, the tool- 
work interface temperature became equal to or surpassed the 


wear lands larger than O.OLO in 
equaled that obtained with a sharp tool 
tool-chip interface temperature at this point. The increase in 
temperature coincides with a rapid increase in the rate of land 
wear which has been observed expe rimentally [2]. 

It is interesting to note that at the highest studied speed of 


moe 
13 4 


sfm and a feed of 0.015 ipr the average interface tempera- 
ture did not surpass the temperature obtained with a sharp tool 
Crater wear might be expected to be as severe as land wear in this 
range of feeds and speeds. 

Fig. 7 also reveals why, assuming the same cutting speed to 
start with, a given percentage increase in feed is sometimes more 


CUTTING FEED 


H a 











20 30 40 
WEAR LAND-INCHES X10 


Fig. 7 Variation in interface temperature with ground-on-land wear at 
various feeds and speeds when end cutting on AISI 1015 steel tube with 
NS-6 carbide tool 
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Double speed from 283 
to 537 sfm at a con- 
stant feed of 0.0075 

in/rev 


Double feed from 
0.0075 to 0.015 in/rev 


Double feed from 
0.0075 to 0.015 in/rev 
at a constant speed of — at a constant speed of 

283 sfm 532 sfm 
200 10 100 
245 100 70 
265 80 10 
180 -—10 5 
295 30 5 


beneficial than a similar percentage increase in cutting speed as far 
as tool life is concerned. The volume of metal removed is the 
same, but the increased feed produced a lower interface tempera- 
ture than did the increased speed. 

For example, when the speed was approximately doubled from 
145 to 283 sfm, a 480-F increase in temperature occurred with a 
sharp tool. When the speed was held constant at 145 sfm, and 
the feed was doubled from 0.0075 to 0.015 Ipr, a IRO-F tempera- 
The 200-F 


might well produce a substantial decrease in tool life for the same 


ture increase occurred. difference in temperature 
amount of metal machined 
This comparison is made for higher speeds and other land 
wears in Table 1. When the speed is increased from 283 to 537 
sfm, the temperature increase is smaller than it is when the 
speed is increased from 145 to 283 sim; however, the temperature 
Increase in this speed range is still greater when the speed is 
doubled than when the feed is doubled 


t 


tage of a lower temperature increase for increased feed rather than 


Apparently , the advan- 


increased speed holds even at high speeds Unfortunately, the 
amount of feed increase obtainable for a given cutting operation 
Is quite limited by lathe rigidity because the cutting force in- 
creases considerably with feed while it decreases with speed, other 
cutting conditions being constant 

Table 1 that the caused by 
doubling the feed at a speed of 532 sfm is small and approaches 


indicates temperature change 


zero with the larger wear lands. It appears that the increased 
wear land offers more heat-transfer surface which tends to de- 


crease the average interface temperature 


Effect of Speed on Interface Temperature 


\ log-log plot of the variation in cutting temperature with 


speed is shown in Fig. 8. According to the general equation 7 
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Fig. 8 Relationship between interface temperature and cutting speed 
for various wear lands and feeds when cutting AIS! 1015 steel with 
NS-6 carbide tool, (a) 0.015 ipr feed, (b) 0.0075 ipr feed 
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ials the interface temperature, C equals a con- 


the cutting speed, and n equals a constant), 
plots should ippear as straight lines. 


This is generally the 

» with a feed of 0.015 ipr, Fig. 8(a). With a feed of 0.0075 

the straight-line relationship holds at the higher 

it the lowest speed studied (145 sfm) the 

ra tends to fall away from a straight line. 

An ins} tion ol c 145 sfm and feed of 
0.0075 ipr 


pr revealed that a continuous chip with a built-up edge 


hips obtained at 
il cutting interface, 
As a result, the 


been at a somew! 


therefore, existed be- 
steel-carbide interface 


at lower temper iture 


face where the cutting actually took 


edge may not have covered the tool-work 
The resultant te 


vear land occurs mpera- 


the tool-work thermocouple would then be 


en the tool-work interface temperature and 


hip mnteriace 
| 


temperature 


occurred at a speed of 145 sim 


xpl Lined as follows 


It is known 


constant sper d will raise the cutting 


nperature increases the friction 


ind chip decreases, tending to lower 
the chip to the tool At a 


A ie the res lt Is 


certain 
wil] 
ited 


not occur 


The Effect of Wear Land on Chip- Thickness Ratio 


Che variation in the chip-thickness ratio with wear land is 
in Figs. 9 and 10. The chip-thickness ratio was deter- 


the weight-measurement technique wherein a chip of a 


ind width is weighed. Since the chip density, 


width are known, the thickness can be calcu- 


Figs. 9 and 10 that the el 


a sharp tool. 


ip-thickness ratio is 
gest As tool wear land was increased the 
ip-thickness ratio decreased and finally leveled off at 0.040-in. 
nd wear. The results also show that the use of 0.015-ipr feed 
produced hip-thickness ratio than did the 0.0075-ipr 


cutting literature in general indicates that the 


a higher 
feed Me 


higher the chip-thickness ratio, the better the surface finish of 


CHIP THICKNES 
~~ 


HIPS OBTAINED AT 145 Sfm WERE 
NTIN S WITH A BUILT UP EDGE 
J 


10 20 30 #40 50 
WEAR LAND-INCHES x i079 
Fig. 9 Variation in chip-thickness ratio with land wear for various 


cutting speeds when cutting AISI 1015 steel with NS-6 carbide tool. 
Feed: 0.0075 ipr. 


156 


MAY 1959 


the machined part, the lower the power consumed, the lower the 
chip temperature as it leaves the tool, the lower the friction coef- 
ficient between the chip and the tool, and the longer the wear life. 
Thus the chip-thickness ratio gives an indication of tool life. 


Conclusions 


The study of the effects of land wear upon the tool-work inter- 
face temperature has indicated that: 

1 The 
s wear land increased from zero to 0.010 in. 
vas observed at 0.010-in. land wear with 
feeds studied. 


2 When land wear was increased from 0.010 to 0.020 and 
().030 in.. 


average interface temperature decreased _ slightly 
Such a decrease 


all of the speeds and 


the interface temperature increased. 
} A considerably larger increase in interface temperature 
ccurs when the feed was doubled at a cutting speed of 145 sfm 
than when the feed was doubled at a cutting speed of 532 sfm. 

1 The interface temperature at the lowest feed and speed 
studied (0.0075 ipr and 145 sfm) was lower than a log-log plot of 
speed versus temperature indicated that it should be. The low 
temperature was believed to have been caused by a built-up edge 

t formed at the tool tip. 

5 The chip-thickness ratio appeared to give an indication 
f the degree of tool land wear for wear lands up to 0.020 in. the 


nore the land wear, the lower the cl ip-t! ickness ratio. 
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DISCUSSION 
R. E. McKee® 


The author is to be congratulated on his contribution to the 
metal-cutting literature in providing further evidence of the 
effects of flank land on the performance of carbide cutting tools 
in the machining of 
depths of cut 


a low-carbon steel at specified feeds and 


The position of the tool relative to the workpiece represents an 
ideal condition for forces, wherein the cutting-edge angle is 
placed perpendicular to the center of rotation, in order that there 
is only axial thrust load to be considered and the limitations pro- 
vided by the nose radius eliminated. However, this entering 
ungle gives the shortest tool life for carbide tools when used in 
production operations. 

The 7-deg back-rake angle as shown in Fig. 3, in combination 
with the position shown in Fig. 2, would provide an excess amount 
of positive rake as compared to the method in which such tools 
are usually applied. In the opinion of the writer further research 
investigations should more closely simulate the actual conditions 
that that is, 


side rakes or 0-deg back rake combined with positive side rake. 


are used in most of our shops; negative back and 


Materials such as AISI 1015 steel often present the problem of 


excessive built-up edge on the cutting tool, which is conducive to 
chipping of carbides because of tension forces in the area adjacent 
to the cutting edge 

The honing of carbide tools provides a severe negative rake at 
the cutting edge, which in itself, allows definite improvements 
in the cutting speed for a given tool life or extended tool life fora 
viven ¢ 


tting speed It would seem reasonable that the definition 


of a wear flank of O.O10 in. would assist in providing compres- 
sive loads on the 
The 


With a © 


‘carbide tool, thus enhancing its tool life. 


iuthor indicates an increase of 


{80 deg F in temperature 
ly 100° per 


tting-speed increase of approximate cent, 


whereas the same percentage mnerease in feed rate provided only 


an increase of only 280 deg F. The difference in the temperature 


obtained by doubling the feed, as compared to speed, might not 


necessarily 


preclude that the te mperature differential allows for a 


substantial deerease in tool life with increase in cutting speed 


d to feed rate It would appeal that improved tool life 


tion of increase in feed rate might be due 


of the 


as a tun to compressive 


loading on the free tool as ompare d to the tension loading 
that often o when using lig 


The 


with feed and decreases with speed, other conditions being cor 


irs at the cutting edge ht feed rates 


assumption that the cutting force increases considerab| 


stant, Is s iby je et to comment Positive-rake tools use dina too 


dynamometer usually indicate an exponential value of feed in 


the order of O.8, when cutting forces are plotted is ordinate and 


feed ¢ Abscissa If cutting foree is plotted versus velocity, the 


exponential value of velocity is likely to be zero over a given range 
ft spec Is It has been found in numerous tests that for 


conditions of cut, in varving the velocity from maximum for a 
given tool material through the entire range to zero (normal speed 
ranges) cutting force remains constant within the experimental 
deviation There have been indications of reductions in cutting 
force as a function of speed increase from a few investigators, but 
others have observed that foree is not reduced with inerease in 
cutting speed eX pt over extended ranges It seems to de pend 
somewhat on geometry of the cutting-tool application and the 
particular combination of conditions of cut. Data compiled b 


the writer on high-speed-steel, positive-rake and negative-rak¢ 


The R. K. LeBlond Machine Tool Company, Cincinnati, Ohio 
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carbides, all indicate that cutting foree and cutting speed are 
independent of each other, within the expected experimental 
deviation. 

It is interesting to note that the author shows some variation 
in the interface temperatures, Fig. 8 as plotted versus cutting 
speed for the different feed rates. He notes points obtained at the 
light feed rates indicate some variation from that of a straight 
line, and this same type of erratic performance has been indicated 
in compiling data wherein cutting force is used as ordinate and 
feed rate as abscissa. 

It might be of interest in subsequent work, if the author would 
study the influence of honing various widths and angles of land on 
carbide cutting tools that are 
provide industry 


used in standard tool holders, to 


with information relative to recommended 


values based upon temperature effects for this important part of 
the earbide-tool geometry 


J. R. Rowbik' 


The behavior of tools as influenc ed by various ty pes Ob wear is a 


subject ol practical Importance An effort, such as this paper col 


stitutes, to evaluate the influence of increasing flank wear i 


therefore commendable 


To isolate the effect of flank wear the author has resorted to 
simulating several conditions with artificial or 


lands 


ground-on wear 


The degree of similarity between these lands and actual 


wear is open to some question Actual wear is, more often 


than not, nonuniform in width, as well as being different from a 


ground surface with regard to. surface-finish characteristic 


Within what limits was the ground wear land par illel to the 


finished surface freshly produced by the cutting edge? 


H. J. Siekmann’ 


Tool wear and its effect on the interface te mperatares 


of great interest to the earbide-tool manufaet 


i] 


feel that accurate measurements of ¢ 


iv be one of our best clues to the de vel 


The 


wear land without introduci 


pment o 


materials suthor’s technique of artificiall 


g the 
improve our ability to study the ¢ 
temperatures 

It is felt that the problem 
mmposition of carbide tips mentioned 
firmed by the author may have been minimiz 
ents in tool chip-interface me 


isuirement 


em of manufacturing a long carbide rod 


ectric properties as small cutting tips preset 
Not only would chemical-compositior 
rod and the tips he troublesome, but vrai 
bon distribution, and other variables not 
hemistry are possible sourees of diffi 
interiace-temperature Measurements 
combining work done at Mass 
and at University of Illinois 
plified calibration and hot-junction lea 
the use of -in square dispos ible inserts a 
irbide rods It has been found that these « 
made up with rather uniform therm 
method also eliminates the necessit 
iecommodate the long carbide rod 
In order to obtain a direct contac 


introducing intermediate hot junction poten 


is made with a copper-constantan thermocoupl 
Rese arch 
waukee, Wis 
Metallurgical 
Detroit. Mich 
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Fig. 12 1045-carbide calibration setup 


variable resistor was placed in series with the thermocouple leads 
und, using the calibration setup shown in Fig. 11, the resistor is 
adjusted so that the emf, generated by the carbide-copper-con- 
stantan thermocouple junction not being at room temperature, 
will be balanced out to approximately zero at all temperatures 
up to 600 I 


Over this range, variations from zero run approxi- 


mately +0.5 millivolt. 

‘The two short carbide bars brazed together form the carbide 
side of the calibration circuit. Since the temperature drop across 
the braze is very small this presents no problelm. Water dripped 
on wet paper keeps the potentiometer lead end at room tempera- 


ture. The carbide-copper-constantan thermocouple junction 


was kept at the same temperature by immersing it in a low- 
melting-point material called “Cerrobend.’’ The junction tem- 
perature was monitored by a chromel-alumel thermocouple also 
immersed in the low-melting-point material. Having determined 
the best setting of the variable resistor, the thermocouple was 
then used as the lead to the cutting tip by clamping it down on 
top of the tip which was held in a standard mechanical tool 
holder. 

To calibrate the tool-work thermocouple, the same carbide 
rods, using the copper-constantan thermocouple as one lead, were 
immersed in molten lead along with a long steel chip with the 
other potentiometer lead attached, Fig. 12. Using a chromel- 
alumel thermocouple as a reference, the calibration curve was 
determined. This curve was found to be linear up to 1300 F, the 
maximum temperature used for calibration. 


’ 
Authors’ Closure 
The comments offered by Messrs. McKee, Roubik, and Siek- 
Studies of the 
chip-workpiece zone with a tool tripping mechanism were made 
with the 


mann are greatly appreciated by the author. 


along tool-work thermocouple studies. The chip 


They 
did, however, dictate some of the experimental conditions used 


studies were inconclusive and have not been presented. 
during the work presented, such as the position of the tool 
Honed 
edges were used to reduce cutting edge breakage during tool 
tripping studies. 


relative to the workpiece and honing of the cutting edge. 


Mr. McKee’s remarks on the effect of cutting velocity on cut- 
ting force were enlightening. The author’s statement that cutting 
force decreases with a velocity increase was based on an in- 
complete literature survey and should be corrected considering 
Mr. McKee’s comments. 

The use of negative rakes was planned but has not been carried 
out to date 

The author agrees with Mr. Roubik that the ground land 
surface finish does not usually simulate the actual finish on a 
tool land. Based 


friction, however, the surfaces could well be similar. 


upon a submicroscopic asperity concept of 
Alignment 
of the wear lands was first attempted by an elaborate procedure 
In the 
final procedure, a bright white light was placed in back of the 


which made use of a telescope with a vertical cross-hair. 
tool and workpiece. The tool was then adjusted until no light 
passed through the interface. Only the slightest amount of 
misalignment allowed light to pass through. The reproducibility 
of the data seemed to further verify that the lands were ade- 
quately aligned. 

Mr. Siekmann’s calibration method and_ hot-junction lead 
technique are excellent suggestions particularly with the use of 
carbide The 
lead pot technique of heating the tool and chip was tried in the 


rods having uniform thermoelectric properties. 
present study, but the heating rate had to be quite rapid to keep 
the carbide rod from heating. This rapid heating of the lead 
apparently caused some variation in temperature throughout the 
lead and gave a poor calibration. The use of a variable resistor 


may have solved the problem. 
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Synthesis of Path-Generating Mechanisms 
hy Means of a Programmed Digital Computer 


A general method is presented for synthesizing plane, linked mechanisms obtainabl 
from a single, closed kinematic chain. 
of linear systems, these methods have been applied to 4-link mechanisms for generating 
a path through up to five arbitrary points with prescribed corresponding crank rotations 
The five-point synthesis ts programmed for automatic computation on the IBM 650 
digital computer, which determines all existing solutions (a maximum of 12 linkages), 


Using complex numbers and the matrix theory 


selects one on the basis of a quality index, and computes the generated path 


te advent of high-speed digital computers and the 
increasing complexity of mechanisms used in industry render 
desirable the development of design techniques for advanced 
forms of mechanism such as have been but little considered here- 
tofore. Accordingly, a program of research was initiated in this 
department with the aim of setting up general methods of 
synthesis adaptable to computer programming. As a first step, 
the general single-loop chain has been investigated and the results 
applied to 4-bar mechanisms. In this approach, complex-number 
representation of coplanar vectors is particularly well suited. 
Complex numbers have been used for obtaining prescribed veloci- 
ties and accelerations [{1, 2, 3, 4, 5, 6, 7]*; Hackmueller [8] has 
used complex numbers to derive expressions for two of the funda- 
mental curves of synthesis. Function generation with complex 
numbers has been dealt with by Blokh [9], Sieker [10, 11, 12], 
and Freudenstein [13]. The application of complex numbers to 
path generation is due to Blokh [9] and, independently, to Sieker 
{12]. The methods of neither have been reduced to engineering 
practice, however. Blokh’s treatment is quite general and is 
utilized in the present development with the following noteworthy 
features and additions: 

1 Generality of treatment—methods not limited to one par- 
ticular form of mechanism. 

2 The graphical trial-and-error methods used in the inter- 
mediate steps of Blokh have been eliminated, thereby obtaining 
all solutions in a systematic manner. 

3 The path-increment technique to be 
novel. 


later is 
Thereby the maximum number of conditions may be im- 
posed with the least amount of algebra. 


described 


4 The prescribed conditions of path versus crank rotation in 
the 4-bar mechanism illustrated are similar to those used in the 
design of many cams, and this mechanism thus warrants con- 
sideration in applications for which cams have been used,* par- 
ticularly in high-speed, high-load applications. 

5 The adapted for 
desk-caleulator or automatic-digital-computer techniques, 


methods are comparatively simple, are 


and 

1 Based on part of a dissertation in preparation by the second 
author toward partial fulfillment of the requirements for the degree of 
Doctor of Engineering Science, Department of Mechanical Engineer- 
ing, Columbia University 

2 Numbers in brackets designate References at end of paper. 

3“Tinkages Gain on Cams,” Staff Report, Product 
vol. 28, December 23, 1957, p. 75 

Contributed by the Machine Design Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe AMERICAN Society oF MECHANICAL ENGINEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. ASME Headquarters, July 1, 
1958. 
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thus become readily usable design tools. Applications exist in 
the machine-design field whenever a controlled motion is needed 
for power transmission as well as for motion-conversion pur- 
poses. 
6 The detailed computational procedure is given fully in 
reference [15], which, together with prepunched IBM eard-decks 
may be used without further acquaintance with the theory. 


Generalization of Complex-Number Techniques 


As shown by Blokh [9], any plane single-loop kinematic chain 
with lower-pair connections, i.e., with pivots and slides, can be 
represented by a general chain consisting of pivotally connected 
bar-slider pairs, Fig. 1. The position of the pivot on the kth 
slider relative to the pivot of the kth bar, Fig. 2, can be defined in 
the starting position by the vector or complex number 


Fig. 1 General, plane, single-loop kinematic chain with lower-pair 
connections 


Fig. 2. Vector notation: The complex number z), represents the kth bar- 
slider pair of the general chain in the starting position, z;, in the jth 
position 
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and gy, are defined in Fig. 2. 


called the d place? ent coe flicre nt of the kth bar-shider pai for 


position of the cha n 


cation of closure for the n-bar general chain of Fig. 1 ex- 


of the loop in the starting position 


losure in the 


quation 5) with re spect to time leads to the 


the 7th position 


of the polygon formed by the relative 


! is the sliding velocity of the 


is the angular velocity of the kth 
, the absolute 


relerence, 1.e 


S further differentiations yield the 


ICCOESSIVE 


ation, shock, or second acceleration, and so 


f synthe SIS, Cut heq lation can be re garded 
‘unknowns z If only displacement 
i point approximation 
vatives are ¢ mployed, one 
nd combined ‘“point-order 

lisplacement and derivative 
obtainable in this uni- 
ieceleration, pressure 
yuthesis 


constraints in the form of s « qua- 


Compatibility Conditions. |i 


the con . ine 


el nposed onan n-bar chain, we h ive 


neous linear equations in the n unknowns 21, 


THlOee 


{t 


On wentsA li : ' | ill coefficients A k 


irbitrarily, | ided the resulting equations are 


leper ce nt 


1), nonzero solutions for the z\, will exist if and only 


vatrix JZ oof the oefficients is of rank (n | 


vield lib that 


leterminant of MZ must vanish 


nt of rank the compa ycondition 


0, n + 1) equations 


The 


, such as(z,,/z1%), @;,, and 


The Equivalent General Chain, EGC, of a Mechanism. 
“ined 


pa- 
ont in the eoefhi ientsa 
to constraints which render the general chain 


This is il- 


icture of, and the con- 


to a mechanism of a given type. 


vamplein Fig. 3. The 


1959 


Fig. 3 


Pi1= Pia= 0 
b) 


(a) Slider-crank mechanism and (b) its equivalent general chain 


Fig. 4 Gear-pair which can be represented by imposing constraint (11) 
on a general chain 


straints imposed upon, the equivalent general chain of I ig. 3(b 


are expressed in full by the symbolic notation 


PEC (1,234 (k = 2,3,4),¢ = ¢ = 0], (10) 


1, 2, 3, 4) identifies the link indexes; the constraints are 


stated inside the brackets. 


W here | 


Certain higher-pair connections can also be represented in the 
general chain by appropriate constraints. The gear pair of Fig. 4, 


for instance, would be represented bv the constraint 
—(T,/T ¢ (11) 


where 7, and 7 
the Ath and pth links, respectively, and 7 is the position index 


are the number of teeth in the gears attached to 
Degrees of Freedom. The number of the degrees of freedom of 
the general chain must be equal to the number of degrees of free- 
dom of the mechanism represented by it. An adaptation ot 
Artobolevskii’s structural analysis [14] will serve to verify this 
criterion ol equivalence, although other analyses, such as Grueb- 
ler’s, could also have been used. In the following adaptation ol 
Artobolev skil’s approach, the number ol degrees ol freedom of 


motion f of any plane mechanism is expressed by the formula 


2l h, 


(12 
where 


number of movable links (bars, sliders, and the like 


number of lower-pair connections { pivots and slides) 
number of higher-pair connections (gear mesh, ¢xm con- 


tact, and so forth). 


Since all 2n links of the n-bar general chain of Fig. 1 are 


movable, the application of equation (12) yields 


“7 


f’ = 3(2n) — 2(2n) — O = 2n. 
Fixing one pivot removes two translational degrees of freedom 
Therefore if r denotes the number of constraints of equivalence 


imposed upon bar rotations and sliding movements, the number 
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of degrees of freedom of motion f of an equivalent general chain 
is expressed by 


f= -—r — 2. (13) 


For example, in Fig. 3, we have 


= 3 (2 bars and 1 slider), 1 = 4 (3 pivots and 1 slide), 


h =0 (no higher-pairs), n = 4 (4bars in the general chain), 


and r= 5 (9; 0, k l,dandz, = zx, k 


Substituting these in equations (12) and (13) we obtain one 


degree of freedom for both the mechanism and its equivalent 
general chain. 

Permissible Number of Imposed Constraints. ‘Thus in applying 
the general system of equations of synthesis to a particular prob- 
lem, a number of the quantities contained in the coefficients 2 j, 
are “a priori’? determined by our preconception of the type of 
mechanism to be synthesized; some quantities are to be pre- 
scribed in accordance with the desired performance, and others 
must be left unspecified, to be determined from the compatibility 
equations (9). Detailed consideration of these conditions has led 
to the determination of the greatest permissible number of im- 
posed constraints under various conditions. 

For example, when only displacement equations are used (point 
approximations), the allowable maximum number of equations s 
is given by the formula 


(14) 


The derivation of relation (14) is outlined in 
When n 
tion (14 


tained 


Appendix 5 
= 4, as in the case of pivoted t-link mechanisms, rela- 
vields s < 5, i.e., 5-point approximations can be ob- 

In the following application to path generation by means of 
pivoted 4-link mechanisms, the notation has been simplified to 
eliminate double subscripts 


Application to the Coupler Motion of a 4-Bar-Linkage 


In general, the task of kinematic synthesis is to find the princi- 
pal dimensions and the starting position of a mechanism of a 
given type which will perform in a prescribed manner 

The plane pivoted 4-link mechanism dealt with here is shown in 
Kig.5. The performance under consideration is path generation 
The path lies in the plane of the fixed link and is prescribed by 
means of the co-ordinates of distinet points on the path, the so- 
called precision points, Fig. 6. The precision points must lie on 
called the ‘ 


As the tracer point passes through the numbered pre- 


the path of a pomt on the coupler, tracer pomnt”’ in 
Fig. 5. 
cision points, the driving crank must rotate through the cor- 
respondingly numbered angles g2, ¢s, , (measured from the 


starting position) which are likewise prescribed, Fig. 7 


Notation. The radius vector to the jth precision point of the 


prescribed path is denoted by the complex number, Fig. 6 
| | | 


r (cos 6 sin @ (15 


TRACER 
POINT 


FOLLOWER 
LINK 


DRIVING 
CRANK 





+» FIXED LINK 


Fig. 5 Plane four-link mechanism 
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Fig. 6 Path to be generated by the tracer point of Fig. 5, prescribed by 
five precision points 


STARTING 
POSITION 
(unknown ) 


Fig. 7 Prescribed crank rotations: 
corresponds to point 3 in Fig. 6 


for instance, position 3 in Fig. 7 


DRIVING 
CRANK 


Fig. 8 Plane vectors, z, to z;, defining the mechanism in its starting 
position 


referred to an arbitrary (.c / 
the fixed link 
The links fixed 


designated in the starting position by the complex number 


Co ordinate system in the plane Oo 


referred to the same co-ordimate systen 


z 


Fig. 8, wher I 1,2,.., 6)1is the distance between the ¢ 


ol pivots of the Ath link, and z> is the radius vector to the 


pivot of the follower link 

The Displacement Equations. At the jth precision point 
lriving crank has rotated from the starting position through the 
ingle ¢,, the coupler through angle 
through the angle Y,, Fig. 9 
point Is represented by the vector chord of the path o 


We define the d 


links as follows 


y ind the follower link 


The displacement of the tracer 


placement CO fli ents tor the thr 


Fig.9 The jth position, showing that the original and the jth positions of 
the crank z, and coupler side z. form a closed polygon with 6,, chord 
of the generated path, equation (19) 
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(17) 


for links 1 and 


ec hniq le 


(20 


Applicat 1 Ol 


stems of three e« 


Four-Point Approximation. the method to four 


{ two sy lations 


th 7 7 , ane Each s 


equations ( 19) 
stem is a set of three 


onhomogeneous linear equations with complex co- 


o unknowns. In the first 


system, solutions will 


inknowns z; and z» or if the augmented matrix 


ink two, that is, if the following determinant 


Table 1 


Note 


ire positive counterclocl 


Given Il equation 15) and Fig 0,7 


quation (17 


ind Fig. 7, 7 


ind Fig. 8, 


where v2 


Mathematical procedure for path generation 


To solve 


For short, we will represent such determinants by their diagonal 


elements. Thus we rewrite equation (21 


(v2 — 1), (As — 1), 0) = 0 (22) 


Denoting the minors as follows 


(A; — 1), |} = Ay, 


(As — 1) 


i 
>> A; = —Ay, (24) 
and expanding the determinant (22) in terms of its first column 
yields equation (1-4) in Table 1, the 1st Compatibility Equation, 
to be satisfied by the coupler rotation coefficients v;. 

The Compatibility “Linkage.” = !quations (24) and (1-4) may 
be regarded as the equations of closure of a 4-bar linkage in its 
starting and displaced positions as shown in Fig. 10. y2 can be 
assumed in accordance with the rules in lines (1-6) to (1-11) of 
Table 1, and equation (1-4) solved trigonometrically for yz and 
« according to lines (1-12) to (1-19 


through four points with prescribed crank rotations 
A,|? — |A;|? — |D|? 
2/4;D 


COS Q3 (see Fig. 10 


-~ cos? 3) a7 


- arg A; 


ae 
,sina 


+'(1 — cos? a@ 


arg D > i. = 


~ 


arg A;, Y3 =: 
la. | 

2.4,D 

SIN Qi, > 


1/o 
1 — cos? Qs 


_ 
-argD —a, arg D — a, — arg Ay 


Use Y 


~ 
and Yi 0r 4 


The 2nd Con pat hility Kq dation 


A,, or u, = 0, 


i. = e'”?, (1-22 


~ 


equation (1-21 proceed according to lines (1-6) to 


(1-15), but use A, ; instead of Aju instead of v., 2 


(1-23 
and w, instead of y, (1-24 
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Fig. 10 The compatibility “linkage” in its starting position (full lines) 
represents the relationship (24) of the coefficients Aj; of the com- 
patibility equation (1-4). The displaced positions of the linkage illus- 
trate the two alternate solutions of equation (1-4). 


Fig. 11 Permissible ranges for the assumed value of 
approximation, Table 1 


2 in the 4-point 


-21) similar 


manner from the system of three displacement equations of type 


The 2nd Compatibility Equation ( arises In a 


20). The unknowns in this equation are the follower link rota- 


tions Y;. 


tion (1-4), is indicated in lines (1-23) and (1-24). 


The method of solution, analogous to that of Equa- 


Thus having obtained a set of compatible coefficients for the two 
systems of three displacement equations, one system based on 
equation (19) the other on equation (20), we solve these systems 
for the linkage dimensions in accordance with lines (1-25) to 
(1-27) of Table 1. 

Five-Point Approximation. “The procedure for the four-point ap- 
proximation presented in Table 1 is readily manageable with the 
aid of a desk calculator. The five-point method, presented here- 
after, serves as the basis for an automatic digital-computer pro- 
gram developed in Reference [15]. 

The five-point problem involves two systems of four displace - 
ment equations each based on equations (19) and (20) 


(26 


augmented 


Thus 


To assure the existence of solutions for the z,, the 


M of 


system (25 


matrix both systems must be of rank two for 


“ 


we 
(Vs - l } As l ) 
(vs — 1) (A; 1 


and all 3rd-order determinants of the matrix .W (27) must vanish. 


rhis is guaranteed by the singularity of any two such deter- 
minants, say (22) and (28) 


as 


(v2 — 1), (As; — 1), 93} = 0. (28 
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The notation of equations (23) and (24) is extended as follows 


a 


(As — 1), 9] = A’, (A; — 1), Oo} = Ay’, 


—A,’ — A;’ — A, = Ay’. 


(29) 


and (28) with the aid of this 


notation, we obtain the /st Pair of ¢ ‘ompatibility Eq zations 


Iixpanding the determinants (22 


A: + Aw: + A;v; + Aw, = 0, 


Ai’ + Ao’v. + A;’v; + Aw, = 0. 
Recalling that vy, = eM, it is seen that these are nonlinear equa- 
tions in the four unknowns Yi- 
Solution of the Compatibility System. ‘To adapt the five-point 
method for automatic machine computation, the nonlinear sys- 
tem of equations (30) and (31) with the four unknowns y; was 
solved analytically, i.e., without resorting to geometric proce- 
dures. This was achieved by eliminating from the system all 
unknowns but 2, which left a 4th-degree equation, (45) of Ap- 
An outline 
\ny 


which will 


pendix 1, with the tangent of (72/2) as the unknown 
of the derivation of this equation is given in Appendix 1. 
real root of equation (45) will yield a value for ¥2 
satisfy the system (30)-(31 We substitute such values of y2 in 
equations (30) and (31) and solve these equations for Y2, Ys, and 
Ys as outlined in Appendix 2. 


With the 


7, thus determined from the first pair of compatibility equations 


The Second Pair of Compatibility Equations. values of 
(30) and (31), we can calculate the values of Vis and so obtain a 
(25). 


values for the coefficients uw, for system (26) remain to be found. 


set of compatible coefficients for system Compatible 


The augmented matrix (32) of this system gives rise to the Second 


Pair of Compatibility Equations (33) and (34 


Leal -— — 
eee © 


(Ble 


(Me 


From here on the procedure is analogous to the expansion and 


solution of equations (22) and (28)—the determinant forms of 


the Ist pair ol compatibility equations with the modifications 
stated in Appendix 3. 

With the set of compatible disp] cement coefficients v; ind u; 
first two displicement 


o of 


solve the 


ind solve the 


thus obtained, we proceed to 


equations of system (25) for z, and z first tw 
1 


svstem (26) for zs and zy 


This completes the outline of the derivations and the mathe- 


matical procedure for the five-point sy nthesis 
columns of 


Nature and Existence of Solutions. I{ «ny two 
97 


matrix (27 


or (32) are proportional, the solution may fail due to 
The 
ind third columns of matrix (27) are proportional when the figure 


to the 


the linear dependence of the displace ment equations second 


formed by the precision points is geometrically similar 


circular figure made by a point on the driving crank in the cor- 


responding positions. Such configurations are to be ivoided. 
An indication whether or not solutions to the 5-point synthesis 
exist is obtained from the roots of the quartic equation (45): If 
no solutions. The automatic 
this st 


of real 


there are no real roots, there are 


computer program of reference [15] reaches ige In less 


the 


equation (45) does not guarantee that the synthesized linkages 


than two minutes. However, presence roots for 


will be workable solutions, for the following reason: 
If the path points and driving-crank rotations are pres ribed 
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t may happen that not all of the generated precision Examples. Table 2 lists five examples illustrated in Figs. 12 to 


the same branch of the generated path, i.e., that 15. Ixample 1 is a 4-point approximation, with three of the pre- 


ore prescribed points can be reached only by temporarily — scribed points located on a circular are. Example 2 has a path 


it of the mechanism. Ways to avoid this, | similar to that of Example 1 but prescribed with five points, 
15], include the use of an atlas, reference four of which are on the circular segment, spaced arbitrarily. 
geometric method, reference [17], to obtain Example 3 is a rerun of Example 2 after these four points were 
mate idea of the mechanism proportions, and thus to — relocated in accordance with Freudenstein’s Respacing Formula 
et of prescribed driving-crank rotations 
ip with the first of these 
! nil method xample 5 with the second 
Related Solutions. ‘The nature of dual solutions can be sum- 


id its corollary (see Appendix 


ol displac ementequ itions, equations 

19 re 2 oO p45 nd (26), each displacement coefficient of 
corresponding displacement 

then the two synthesized 

th the same driving-crank 


oO one nother by Roberts 


jivots of the two 
iken from 
Roberts 
generate 


the first two 


Corollary 1, the 
ank, so that 


proble m ol 


Automatic Computation. 


J 
2.0 








Fig. 12 The synthesized linkage of Example 1: Path generation through 
four points with prescribed crank rotations 


? 


here Ag, the range 
neomplete Crank ro 
complete crank 
ited, thus weight- 
haracterist 
example, 

positions between 


imum link length 


quality index Is auto- \ nl F j 
punched out, and co- 1?) 05 10 5 2.0 


fed path are computed and — Fig. 13 Path generation through 5 points with prescribed crank rotations, 
rotation. If the designer Example 3. Linkages L)» and Ll»), related by Theorem 1, are two of the 
ve ; : twelve solutions obtained by automatic digital computation. The third 
etter suit his requirements, é . ; 
related linkage L; also generates the prescribed path, but without ful- 
filling the prescribed crank rotations. L.; was automatically selected as 
having the highest quality index Q, equation (35). 





program Of relerence¢ 15 to compute 


rand poue ed mechanism 
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Table 2 Numerical examples of 4 and 5-point approximations. Example 1 was solved by desk calculation following the procedure of Table 1. 


Kxample number | 2 3 ' 5 
Number of precision points i 5 5 5 5 
Method of calculation Desk eale. Automatic digital computer, Reference [15 
Drawing number Fig. 12 None i } 


Fig. 13 Fig. 14 ‘ig. 15 


Precision 4 QOO0000 QOOO000 QOOO000 1. 3250130 
point l a; OQOVO0000 QOOO000 OQOOOOLO $1 QOOOOO 
3 


TKOVO000 
OQOO0O 


7400000 7400000 7400000 1. OS63604 
200000 29. 200000 29. 500000 23 Q00000 
Prescribed H5U000 50000 i7 .QOO00 24. Q00000 


35400000 
OOOO 
OQLVOO0O 


7400000 
QOOOO0O 
OOO00 


7400000 7400000 1. QOOOKO0O 
200000 TOOOOO 0 QOOOR000 
50000 QOO0O #2 QOO00O 


5400000 
OOOO00 
OQOOOO 


x 


“IND = 
a1 


performance 


7400000 7400000 7400000 1. O863604 KHOOOO0O 
YOO000 LQO00000 300000 23 .QOO000 QOOO00 
QOO00 50000 91 OQOO0O00 60. OOU0000 OOOO 


(see Fig 6. 7) 
7400000 7400000 1. 3250130 THO00000 
QOO000 25. 900000 £1 QOOOCO QOO000 
QOOOO 228 OOO0U 84. OOOO00 OOOO 


3553 2616303 0. 0610645 OLS3447 
(see Fig 27 OS872788 OOLT5S1 QO004545 1. OT 14912 0441123 


Location 27 0. V6OOLS28 537: 


Synthesized Fixed 8534637 3962042 1260167 | .2739279 7114933 
link Z5y QS05387 6603938 5825329 1.07 15018 SY69 1416 


Driving Z 9040305 S481371 $203872 0. 5262664 s20L976 
crank 2 3963926 1967889 53562726 0. 4739537 WOST57 


linkage 


0167496 QS9288 | Q650008 0.3135030 5306150 

Coupler 2 1968674 1653630 O46714S 0. 3953437 HO4AO LOS 

938 1487 0. 9690021 Q38 1027 0 O990651 OL66045 

Poll. link ae 6456966 635683 | 6173462 1. 1683265 S449927 

Precision OOV0000 OQOOO000 1. 3250150 799999 
point 1 QOOOLLY OOOO 134 1 QOU00 1 | OOOO 

Generated 7399047 T40000 1 L_O863603 s400000 
199US42 PQ 4JYQIUS 22 QQgggy , OOOO 


7400002 T4A0000 | 1 OO90361 8399999 
2 200131 TOOOU2 0. 7388921 7 QOOUOG 


TAOQOOLS 7400024 1 OS63579 GHOOOO32 
S9964S84 299987 22 gyggt | ; QOOSS4 


7400002 7400002 1. 3250131 TSVQGOS 

5 g 25 S99992 25 QOOO02 10 GQQ9Q9098 52 QQ0g63 

Structural error: [Extreme 0 0166039 
normal deviation from Jands 0 0023910 0. 0040784 0 OOUGIOI 
ideal path between  preci- 00021265 0.00427 12 0. 0017289 
sion points 0. 0072560 0.0055978 0. QOO067 | 


\pproximate 1 QOOO0000 
straightline, 1 QOOO000 
ixumple 4, 1 0089522 
generated : 0. 9909984 
HLDSCISSH 1 QOOOOO 1 


_ 
4 


0 05 10 0 05 


Fig. 14 Approximate straightline generation through 5 points with Fig. 15 Generating an arbitrary path through five points with prescribed 
prescribed crank rotations: Example 4 crank rotations: Example 5 
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(3-8), reference [13], resulting in a reduction of the 


extreme 


structural error. The linkage of Example 4 generates an ap- 


proximate straight line extending somewhat beyond the five pre- 


scribed points with notable accuracy. 
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APPENDIX 1 
Outline of the Derivation of the Quartic, Equation (45) 


and (31 


x conjugates to eliminate v, 


can be combined with 
this 


v , equations (30) 


und v; respectively; 


wo equations 


do is Obtained Irom th it of d 
are replaced by the & 


tam 


when the A 


i 
and & If we 


now from the system of four equations, two in 


16) and two in (39), by writing the eliminant 


nd collecting terms we obtain 


R(pv.3 + qv.? + sv.) 4 , (41) 


ind s are complex numbers (p P, + ip,, and so 


ind all four are funetions of the A; and A.’, 


i reference [15]. In trigonometric form equation 


f trigonometric identities equation (42 


unt nowns, powers ol the sines and cosines of 


is transformed 


pressed in terms of a single variable 


tan (2/2 
a 0, 


the coefficients 


A 


of which are real and are and 


functions of the A 


Referring to equations (21) and (28) we see that v; = 2, will 
and (31 


known root of equation (44). 


itisly equations (30 Therefore 7 tan (2 2) isa 


Mliminating 7) by synthetic di- 


vision reduces equation (44) 


166 


to a quartic with real coefficients 
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ri t+ bor + bor? + bir + bo = O. (45) 
Complete procedure for the computation of the coefficients bo, 


by, be, and b; is given in reference [15] 


je 


APPENDIX 2 


Simultaneous Solution of the Compatibility Equations 
(30) and (31) for ys, ys, and +; 


A value of y2, determined from a real root of equation (45), is 
first substituted in equation (30), which is then solved for ys; and 
Y;3 following the procedure in lines (1-12) to (1-15) in Table 1. 
The same value of y2is substituted in equation (31), which is then 
rt | fy bstituted yuat (31), which is th 
solved for the same variable, calling the solutions y;’ and y¥ 

: a ~ P - ~, . 
IXquality of y3 or Y3 with y;’ or Y3’ reveals the common root: If, 

; ~ . . 
for instance, Ys; = Y3’, then y; and not ¥; is the common solution. 
In that case, for instance, it follows that after completing the 

) I £ 
solution of equation (30) for ys in accordance with lines (1-16) to 
(1-18) in Table 1, and similarly solving equation (31) for y;, that 

: : 2 ro ~ : 
ys and y¥; will be the right solutions rather than ys and y¥;, see Fig. 
10. It is advisable to compute the residues of equations (30 
I | 


and (31) for verification. 


APPENDIX 3 


Solution of the 2nd Compatibility System (33)-(34) 
for Woy V3 V4, and Vs 


The expansion and solution of equations (33) and (34) are 
analogous to those of equations (22) and (28) with these modifica- 
tions: 

(a) V; replaces 45; 7; replaces ;, U; replaces Vi; Y; replaces 7; 
and the second-order minors are written as A,; and A,,’ instead of 
A,andA,’. 

(b) The two or four possible values for yo, obtained from the 
real roots of equation (45), are also possible values for Yr. How- 
ever, the value already used for Y2 cannot be reused for Yr, be- 
cause this would lead tou; = v,;, which is trivial. It is important 
to note that the computations of the coefficients of the quartic 
equation (45) and the solution of that equation need not be re- 
peated. 

(c) Ys and Ws need not be computed, except for verification of 
the solutions, if desired 


APPENDIX 4 
Proof of Theorem 1 


(a) Denote the links of the first synthesized linkage by the 
superscript (see the linkage in double lines in Fig. 13) and the 


second by (heavy lines in Fig. 13). In the system (20) or (26 
interchanging the coefficients of the unknowns interchanges the 


solut 1Ons 
(46 


Furthermore, in accordance with the structure of the given type 


of mechanism, Fig. 8, the tips of the vectors zy“ and zs?) are 
pivoted to the tails of vectors z3 


and 23°), respectively. Since 


the tips of z3 and z;°) meet at each prescribed path point, Fig. 


13, the four vectors form a parallelogram in each prescribed 
position, and so the tails of z4“9 and z\@ also meet in these posi- 
tions of the mechanisms. But the tails of zs“ and z,°?) are con- 
nected to fixed pivots and these pivots coincide at each prescribed 
position, henee, they coincide always. This establishes one of 
the three typical Roberts’ parallelograms [3] 
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(b) By writing out the solutions in determinant form, it is easy 

to show that, for instance, 
z30 /1969 = (z2‘2) i 23° )/22°), (47) 
which proves the similarity of the coupler triangles. 

(c) The angles of rotation of the driving cranks 2) and z;°) 
are correspondingly equal at each prescribed position, so that a 
bellerank z,, 23, Fig. 18, pivoted at the tracer point, can be 
parallelogram-connected to both cranks. Thus the second and 
third Roberts’ parallelograms are established. 

(d) With the method of section (b) we can show that 


> 


z) 1) 2° = (23 — 2 1 )/23 (48) 


which, by way of the parallelograms of section (c), establishes the 
third similar coupler triangle. 
APPENDIX 5 
Derivation of Relation (14) 


Very briefly, relation (14) is derived a dis- 


placement equation at most one motion characteristic, such as a 


as follows. In 


stretch ratio (2;,/z:.) or a rotation ¢;, may be left unprescribed, 
otherwise the equation is meaningless from the viewpoint of syn- 
thesis. 

Since the first equation of any set of s equations must be 
equation (4), which contains no motion characteristics, the num- 
ber of unprescribed motion characteristics cannot exceed (s — 1). 
Also, each motion characteristic is a real quantity, and each of the 
(s — n + 1) compatibility equations (9) represents two real 
equations. 
the 
satisfied by them. 


The number of unprescribed reals must equal or 
number of (real 


Therefore 


exceed compatibility equations to be 


(49) 


which is readily simplified to relation (14). 
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puitip BARKAN # Synthesis of the Four-Bar Linkage to 


General Electric Company, 


owner tuisenserrs ff Match Prescribed Velocity Ratios 


Mem. ASME 


E. J. TUOHY A method is described for synthesizing a four-bar linkage in terms of its velocity rati 
at two or three positio) s of the input crank. The two point synthesis problem is j 


readti 
General Electric Company, solved by either graphical or longhand mathematical techniques. The method also le) 

Switchgear and Control itself to computer solution for the three potnt sy) thesis problem and also for determining 
Division, Philadelphia, Pa. : $ : , 


the best match of a desired function over a specified range of input crank motion 


as 


| = four-bar linkage is frequently employed as a The 


paper describes the methods and their application 
force or energy-transmitting device. In such applications, the | Derivations are given in the Appendix 
velocity ratio of the four-bar linkage, as a function of its motion, 
is an important design criterion. For example, the dynamie be- 


Description of Methods 


havior of circuit breakers [1]! on both opening and closing opera- 
tions is significantly influenced by the velocity-ratio characteris- All of the methods to be described are based on the following 


ties of the four-bar linkages employed. Consider the four-bar — theorem of the four-bar linkage, which is proved by Brand [2 


linkage in Fig. 1; the differential element of energy introduced — and described more recently by Freudenstein {3} and Carter [4 


into the linkage at the driving crank is 7'¢d9 and the corresponding Referring to Fig. 1; in any four-bar linkage, the coupler, A, ex 
element of energy at the output crank is Tydy. Neglecting frice- — tended if necessary, divides the fixed link, ¢ 
tion and inertia effects in the linkage, conservation of energy re- 
quires that 


, Into two segments 
whose lengths are inversely proportional to the angular velocities 
of the adjacent links 


In Fig. 1 
, dy 
v ( dO 


Tyd0 = T yd 


Ts dy 
T, 

where W’ is the velocity ratio. If an energy source with a known 
torque-displacement relationship is coupled to the input erank, 
the output torque will be a function of the velocity-ratio charac- 0 ; 
teristics of the four-bar linkagé. “The design of a coupling be. Phe remainder of this text concerns itself with application of this 
tween a prime mover and some machine entails detailed considera- relationship to the synthesis problem 

tion of the velocity ratio of the four-bar linkage. beaten Solution: Two-Point Synthesis Problem. 

This paper considers the synthesis of a four-bar linkage in terms Given: 
of specified values of velocity ratio py’) at either two or three 


At @ = @ = link C 
positions of the input crank. 


At @ = 0. 
It also outlines a least-squares method for two positions. In 

this the fit of the linkage W’ at a number of points over the de- 

sired range is optimized. 


! Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Annual Meeting, November 30—-December 5, 1958, New York 
N. Y., of THE AMERICAN Society OF MECHAN.CAL ENGINEERS 

Notre: Statements and opinions advanced in papers are to bx 
understood as individual expressions of their authors and not thos: 
of the Society. Manuscript received at ASME Headquarters, July 15 
1958 Paper No. 58—-A-115 
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The nomenclature is illustrated in Figs. fixed-link length relative to input- spring gradient 


land 2. crank length torque applied to input crank (1 
A = coupler-link length relative to in- distance from center of rotation of > 
; ‘ torque applied to output crank (B 

put-crank length input crank to intercept of A on 

. ‘ ‘ Y , riuit-cr F vile 
B = output-link length relative to in- C, each extended if necessary, input-crank angle 
put-crank length Fig. | 
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1Vé 


Draw lines Ey, P 


With points P 
oth direc 
With point 

ili, intersecting bot 
length of radius whose 
1. Thi 

Example 


Solution (see Fig 


1 From equatior 





2 


SOLUTION 
A= 3 
B+ 2 


compute lengths e, and eé, retaining 


e value of e implies that A is paral- 


for which the input crank is of unit 


{ | 
ind the input crank (1 


at its two 


it O lay out leng 


c plot on the eX 


Ek, P,, extended in both directions 


] ft 
Fa on 


is the origins, 
ind E, P 


P, and Es P». 


intersects both lines at the same length 


equal divisions 


1 origin, 


a series of ares of different 


By trial determine the 


uired linkage 


itisfies the follow 


we which s 


10 deg 0.466 
O60 deg 
ra 

alculate lengths e; and €2 


2 KX 0.466 





2 


2 X 0.571 
= 2.66 


0.429 


2 Draw the fixed link C = 
input crank with unit length in position #, = 
60 deg 


2 to a convenient seale and the 
30 deg and @, = 


3 Starting from point O lay out length e; = 1.75 and e; 


2.66 along C extended (both e, and ¢ 


4 Draw lines E; P; and E, P. 


in both directions. 


are positive). 


extending beyond these pomts 


5 With poimts P, and P» as origins lay off equal divisions in 
Pyand E; P 

6 With point N as origin lay off a series of ares of different 
radii intersecting both FE; Py and E. Ps. The are which intersects 
both lines at the same length A is the required link B = 2. The 
link A 


linkage. 


both directions along EF 


3 is then measured. This constitutes the required 


Mathematical Solution, Two-Point Synthesis. 
] 


Because in equation 
1 


Lim e; 


vi 
it is necessary to divide the mathematical approach into three 
cases depending upon whether the velocity ratio at one or more 
points is exactly equal to unity. 

Case | 


¥' #1 


and the following conditions: 


Y 


Given: Relative length ¢ 
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9 = yy’ 
@ = Os: : p.! 


Find: Link lengths A and B of four-bar linkage satisfying these 
conditions 


Solution. As derived in the Appendix, for these conditions the 


length of coupler link, A, is 


cos 4) 


where 


1 — 2e cos @)'/2 


The length of the remaining crank link B is also shown in the 
Appendix I to be 


. 2A 
+ 2C cos 6 + 1 —(e, — C)cos@ — Ce] + ib 
qh is { 
(4 
Adherence to 
In constructing the 


Here A retains the sign dictated by equation (2). 
the indicated sign convention is essential. 
linkage after solution for A and B, it will frequently be found 
that two possible configurations of four-bar linkages will satisfy 
the specified link lengths; 
specified velocity ratios. 


only one of which will satisfy the 
This problem is readily overcome 
by introducing the value of e; in the construction. Thus, in 
graphically constructing the linkage at a position where 0 = 6, 
the orientation of link 
of é. 
Case Il. 


one point: 


A is dictated by the sign and magnitude 
Analytical solution, two-point synthesis, y’ = at 


telative length C and the following conditions: 
6 = 6, yy’ =1 


6 = 0, | 


Given: 


Find: Link lengths A and B. 
Solution. As derived in the Appendix the length of link A under 
these conditions is given by 


Clcos 6, - COS Ao] 


tC €2) cos @ Ce.] + C + cos 8, 


With A and its sign known, B is then obtained from equation (4), 
with data at the point where py’ = 1. 
y’ = Lare used, the following equation should be used to evaluate 
link B: 


If data at the point where 


B = [Il 2A(e cos @, ) 


2 cos 6 


Case Ill. Yi’ = Yo’ = 


any parallelogram. For this condition 


| is a trivial problem which is satisfied by 
A = C, and B = 1. 
Find mathematically the four-bar linkage which 
satisfies the following conditions: 


Example Il. 


6 = 30 deg 


Wy’ = 0.466 


§ = 60 deg y’ = 0.571 
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RESIDUAL FUNCTION f (C) 








Cc 


Fig. 4 Residual function of equation (7)—Example Ill 


Solution. From equation (2), 3.00: 


B = 2.00. 


trom equation (4), 

Synthesis of a Four-Bar Linkage in Terms of the Velocity Ratio at 
Three Positions of the Input Crank 

Given: Yi’, Po", Ws’ at A, Oo, 6 

Find: Link lengths A, B, C of the four-bar linkage satisfying 
this requirement, or a recommended best fit if no exact solution 
is possible. 

Solution. As derived in the Appendix an equation relating C and 
the three given data is: 


f(C) = (cos 6, — cos A2)qiqe yo([ “| cos @; a) } i 
( 


+ (cos A — cos O3)qoq x ({: 
+ (cos @ 0 Ye 1 oe 
tT (COS — COs DO; )qaqi . r 


where ay and qi are defined by equations (1) and (3) with the 
same restriction that py’ # 1. 


isC = 0. 


A trivial solution of equation (7 
Equation (7) does not lend itself to convenient reduc- 
tion to an explicit expression [or €. However, where a high-speed 
digital computer is available it is possible to evaluate and plot the 
residual function f(C) defined by equation (7) at fixed increments 
of C. The intercepts of the plot represent the desired solution 
e.g., see Fig. 4. An advantage of the plot is that it shows not 
only if exact solutions exist for the specified conditions, as evi 
denced by zero values for the residual function, but also values of 
C which, while not exact solutions, are probably good approxima 
tions as evidenced by a relatively small value for the residual fun 

tion. Thus a satisfactory fit might be found in a desirable range ot 


C, even though no exact solution exists. This is best demon 


strated by the example in Fig. 6. The range of values of C to be 
explored can be limited to those which will produce practical 
Usually, C < 10 


proportions of four-bar linkages In our ex 
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RESIDUAL FUNCTION f (C) 
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Fig. 5 
points of Example Ill 


One of two linkages matching specified y 


0.5 
6 RADIANS 
Fig. 7 Velocity ratio required to produce constant output torque with 
linear spring gradient on input crank—Example IV 


Function to be synthesized 
Linkage satisfies points 1 and 2 
— - — - Linkage satisfies points 2 and 3 


vhich satisfies the follow 


digital computer which 





4 
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TORQUE 


OUTPUT 
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oe, 
_—— 


n 
a 
r 4 
ae | 
oO 
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' 
Pe 
oO 
Zz 


TORQUE 





1.0 
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Fig. 8 Torque output of two linkages with a linear spring input—results 
of solutionto Exemple lV. Same key as Fig. 7. 


is programmed to solve equation (7) for a range of values of C. 


The result is plotted in Fig. 4. Intercepts of this curve represent 


the desired solution. Two solutions are revealed. Corresponding 
to ¢ 2 the remaining links are B 2,4 = 3. Corresponding to 
(0.464, B = 0.78, Fig 5. 


Example 1V—Constant Torque From a Spring. 


C = 0.25 the remaining links are A 
A four-bar linkage 
can be used as a means of approximately converting a linearly de- 
caving spring torque to a nearly constant-output torque over a 
moderate range of output angle. The input spring torque can he 
expressed as 


To = T) — kO (8) 
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3 
6— 


Fig. 9 Synthesis of log function—Example V 


If 7, is to be a constant torque we must have 1 = 2.44, B = 0.77. The link 


long with the desired W‘-curve, are shown in Fig 
dy 16 
Y ; / 
dO T', 


Influence of Initial Input Angle 


With 7) = 100, 7, = 50, | 100/7, it is desired to design a 


j : . In many problems the range of tl 
four-bar linkage which will yield an output torque of approxi- I y 


é 5 ; = rather than the absolute value of 
mately 50 over the range @ = 0.5to 1.5 radians | se equation (4 sb — sarin - 


. a“, ¢ \G. it is possible to extend the stud 

Lor the three-point solution. Design values are given in Table | 4 I od ‘ ‘ 

over a range of values. The influence of @; in the 
lem is shown in Figs. 10 and 11 It is seen in Fig 
Table 1 : . 
- exact solutions satisfying the three precision points 


y’ YW 2.66 rather than @ 2.56 asin Example V. Fig 
1.682 the two linkages. By varving @) over a range O 
1.364 possible solutions can be found. Again, a rather ec 
1.046 in @ can be used with interpol ition to obtain all 
particular problem 

For the condition cited, Fig. 6 shows that no exact solution was 


found; but that C 3.9 provides a minimum residual which we 


Least-Squares Match for a Velocity-Ratio Curve 


solutions then arise depending on which pair of points is used to It can be seen from Fig. 10 that the solution which mat 
compute A and B 


interpret as a good match. The following two slightly different 


three specified points ol the funetion is not necessarily 


ein er match over the complete range of the curve. Thus it 
3.240 = 3.458 
is desirable to use 2 minimum root-mean-error as a crite 
Two possible velocity-ratio curves are shown in Fig. 7. The timum design. Two points are matches 

he a SVS at ‘ ‘ ‘ > ee 
calculated torque output from these two linkages is shown in Fig ire systematically varied. Sine 
Ss It is seen that each is relatively constant ove r different ranges value of C the velocity ratio can be « 


te, points. These results are compared 
Example V—Log Function Using Three-Point Synthesis. Given the ratio curve. The eriterion of th 
three points of Table 2 from the equation for which the sum of the squares of rror is a minim 
y’ d 


0.682 dé 


evident that this technique requ Ss us La digit com] 


In 2 17 
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No exact solution was found, but a value C 2.24 left the small Y Po bakes “Bien 
est residual, Fig. 11. With this C the remaining links were caleu 17 EE Trans., vol. 74 
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lated so that the first two points would be exactly satisfied, giving 
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6,*2.66 C#tl.4 





-0.5 


Fig. 10 Comparison of log function synthesis with different input initial angles 


Function to be synthesized 
Linkage characteristics for best match with 6; = 2.36 
—-— - Best match with 4, = 2.66 


f 


z 
oO 
i 

Oo 
= 
| 
u 


°o 


RESIDUAL 
! 





Fig. 11 Residual function of equation (7) for different initial angles. Solution for log function. 


APPENDIX 


Derivation of Equation for Synthesizing a Four-Bar Linkage to Match 
Two Specified Velocity Ratios. In any position of the linkage 





(designated by the subscript 7) the law of cosines requires that 


B2 t ): + (A a Qi 2 — 2A 4 qi (ei od C’) cos d; (10) 


where e is considered positive if it extends beyond rather than 
overlaps C. In Fig. 1, by dropping the perpendicular from the 
apex of triangle (q; ~ 1 ~ e;), we obtain 





e, — cos 6; 

Fig. 12 Four-bar linkage showing conditions when’ = 1 cos @; = : (11) 
1 

Linkage,” M.I.T. Technolegy Press and John Wiley & Sons, New 

York, N. Y., 1951. Also, by applying the law of cosines in the triangle gq ~ 1 ~ e 
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Fig. 13 Two linkages which match three precision points of log function 
of Example V 


t ee C ‘ 9 ' 
7 16? + 1 — 2e; cos OF’? €t2) 

7 ia ( | 

From geometric considerations it can be shown that g; must follow 

the sign of (e + C). Expanding equation (10) and substituting 


for cos ¢; and q,;? from equations (11) and (12) yields 


Bt = 14 C2 + A? + 2C cos 0, 


— () cos G; Ce.) (13 


ul 


Taking the square root of (13) gives equation (4). Since B is a 
constant we can equate equation (13) at two arbitrary values of 6;. 
Designating these two arbitrary positions by subscripts 1 and 2 


and simplifying the resulting equation, gives 


ee 


C[cos 0. — cos 6;] 


nN 


These equations are valid provided eis finite. Since lim ¢ 


yl 
it is necessary to consider the following cases. 

Case ll. wW’ = 1 at one of two specified points. 
lath; py’ ~ lat br. 
implies that coupler link A must be parallel to C as shown in Fig. 
12. Since A is parallel to C 


Given that py’ = 


Then from equation (1), e¢; = , which 


kj = sin 6; kl = A 

B? = sin? 6+ [A —(C 

B? = 1 +4 A? 
when y,' = 
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— (C + cos @) 
+ cos 4, )}: 


— 2A(C + cos 4, ) ae kh 


For the second point 62 where Y2' # 1, equation (13) applies 


Equating equations (13) and (15) and solving for A gives 


C[eos A; — ¢os A.| 


Equation (5) is subject to the restriction Y;’ = 1; y’ + 1 
Derivation of Equation for Three-Point Synthesis. 


Mquation (2) de- 


fines link A of a linkage which satisfies required velocity ratios at 
two positions 6; and 42. 
expression for A, designated Aj;, 


We designate this as link A \ second 
can be obtained for positions 0; 
and 6; and their corresponding values y;' and W3’.. The derivation 
is restricted to the case py’ ¥ 1. 
which Aj. = Aj3, ali kage can be defined which satisfies the three 


If a value of C can be found for 


designated values of velocity ratio. Thus 


f(c) = Ar (16) 


This equation in C, when satisfied, defines the desired linkage. 
However, the equation in this form is not conducive to convenient 
numerical solution by either of the methods described in the 
text. This arises because for certain values of C the denominator 
of equation (2) goes to zero, resulting in an extremely erratic 
function which is thus difficult to solve numerically. 

\ more suitable function in C is obtained as follows: Substitute 


in (16) and multiply through by the following factor: 


cos 


ixpanding the resulting function and recombining terms yield 
I ‘ 


equation (7) after some tedious algebra. Hquation (7) is a much 


better behaved function than equation (16 


DISCUSSION 
C. W. Allen? 


The problem considered by the ithors is a varintion of the 


function generation problem covered by Freudenstein® and others 
There exist possible further applic: 


procedure as shown by Example V. 


tions “as tion 


a function gener 


relations in approaching the 


The use of energy-torque-velocit 


problem clearly illustrates a relation between the kinematics and 


dynamies often overlooked by others 


In the authors’ “Graphical Solution: Two-Point Svnthesis 

the final steps involve a trial-and-error solution that can be re 

The 1 through 
step number 4 and completed by the following procedure The 
design at this point is considered to consist of two separate bodies 
ach body 
relative motion of points will be 
Thus points Fy, P», O, and N are considered a part ol body 
and can be moved with respect to points #,, 2, O, and N of body 
one Both O and N are considered to be points on both bodies 
Body two is rotated about point O until point P 


placed by a direct construction solution is carrie 


will be allowed to move relative to the other, but no 


allowed within either bod 


two 


one and two. 


is coincident with point P;. #2 now is located at some new point 


Richland, Wash 


of Four 


engineer, General Electric Company 
I’. Freudenstein, ‘‘Approximate Synthesi 
rrans. ASME, vol. 77, 1955, pp 8$53-S61. 


Sar Linkage s,"’ 


175 





ly two is located at a new point NV’. Body — centerline in the hinge points 3 and 3’, respectively, and thus 
otated about point P; until lines #.’P; and £;P,; are — yields the end points of the lever 3-4 and 3’-4’, respectively. 
During this rotation point N’ is moved to some 2-3 or 2’-3’ is the length of the coupler b, and 3-4 or 3’—4’ that 
\ The pin joint between links A and B can now of the lever c. 
jing the intersection of the perpendicular bi- The remainder of the paper appears to be correct. 


I the line £,P 
Ferdinand Freudenstein’ and G. N. Sandor® 


The authors deserve credit for having created an easy-to- 


A. E. Richard de Jonge 


guish be na “graphical” and a “mathe visualize design tool, a welcome gift to the practicing designer, 


mathematical” solu- and also for the use of advanced computational techniques in the 
ind the second an solution of a ‘‘velocity-ratio” synthesis. The following complex- 
number solution is based on the general method of reference |1]9 
the geometrical solution ind is offered as an illustration of another approach 
geometrical solution is Nomenclature. Same as that used by the authors, Fig. 1, with 
»blem of finding the lengths the following additions: 
I b a trial-and-error 
because an exact solu- Driving crank vector, Z 
be applied Coupler vector, 
he tw sitions of tl . 
sla cia is “ Output link vector, 
tion about the rotopol 
ole is 1 as t 1- ; 
le is found : he 1 rhe 


‘ : . angles in equation (17) are measured clockwise from the 
nid-perpendiculars of the chords belonging to 


iny two points of the coupler. All the mid- 


traight line lled the ‘‘mid-line 


f{t-directed line-of-centers to the link in question, while the vee- 
tor polygon formed by these links has a clockwise sense of rota- 
tion 

The incremental eq calion of « osure, expressed in the manner of 


i Vanishing path vector chord, takes the form 
(1 — eZ + (1 A + (1 , (18 


where the subscript “12” denotes the change in the angle in going 
from position “L’ to position “2”. Differentiation of the poly- 
gonal closure equation (18) yields the ‘‘velocity closure’? equation: 


(EMPL + 7, MDA + ¥;"(e% B= 0, 7 = 1,2 (19 


where the prime denotes differentiation with respect to 6, and J 
denotes the position at which the derivative is computed. 

Mquations (18) and (19) represent a set of three simultaneous 
equations, homogeneous and linear in the three unknowns Zz, A, 
and B- Solutions exist, provided the determinant of the co- 
efficients vanishes: 


1-2 and 1-2’ are the given posi- This equation implies free choice of any five of the seven quan- 
the ink, E\-2 and E2-2’ the two positions of — tities, say, Ao, Wo, Ye, Wi’, and Y.’, which then determine the 
centerline m is the mid-perpendicular of chord remaining two; namely, y;/ and yo’. Compatible coefficients for 
through 1, the fixed pivot of crank a Assume the three equations (18) and (19) thus having been determined, 
the first position of the coupler £,-2 and find its one of the vectors, say, Z, can be assumed arbitrarily, and the 
1’ on the second position of the coupler so other two found as the simultaneous solution of any two of the 

thus vielding chord AA The mid-perpen- three equations. 
meets m in the rotopole P for the rotation which In conclusion, it may be worth mentioning the previous work of 
ition 2/4 All the mid-points of the chords — Hain [2, 8, 4] who has given simple, albeit special, construc- 
Let be the fixed pivot of lever 3-4 of tions tor prescribed angular velocity ratios in two positions. 


234 or 12°3 


tto be determened. To find the 


it which the cou isto be hinged tothe References 


oin P with 4 -4 meets mo in M, and a per- 1 F. Freudenstein and G. N. Sandor, ‘Synthesis of Path-Generat- 


o PM meets t VO positions of the coupler ing Mechanisms by Means of a Programmed Digital Computer,” 
published in this issue, pp. 159-168, 

Instrument Corporation; 
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Bruce L. Harding!” 


This paper adds a sturdy block to the yet small structure of 
velocity synthesis in linkages. 


The simplicity of the concept 
should make it 


a popular technique. The equations presented 
will no doubt be of value in subsequent investigation of the four- 
bar linkage. 

In their graphical solution, the authors use a somewhat trial- 
and-error technique to locate the missing pivot; 


this pivot can be 
located directly 


by application of 
a length for the stator C, 


inverted design. Having 


chosen caleulated the dimensions ¢ 
10 Nechanical 
Worcester Mass. 


Design Engineer, The Heald Machine Company 





Initial layout 


Inverted layout 
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and e, and shown the driving crank in the two desired positions 


with a chosen length, the two coupler lines can be drawn as shown 
in Fig. 2 of the paper. The known configurations of the linkage 
can then be inverted relative to the coupler A 


, making pivot A 
appear in two distinct positions. 


The perpendicular bisector of a 
line connecting these two inverted V-points will intersect the line 
of the coupler at the missing pivot 

Item 2la/S/1 of the Kinematic Courier, March, 1958, discusses 
the subject of velocity-position svnthesis using inverted design 
techniques. Item 21a/T/3 lists the fifteen relationships defining 
all possible relative angular velocity ratios for one “mode” of th 
four-bar linkage; this item would be a convenient adjunct 
paper here under discussion 


to the 


While the paper discusses synthesis where the velocity of on 
crank is prescribed for positions of the other crank, the method i 
just as easily applied where velocity and position of the same 
crank are specified. 


Authors’ Closure 


We wish to thank all the discussers for the interest shown in out 
paper. The ideas and alternate methods they have contributed 
are a Valuable supplement and pave the way for some future work 

Mr. Harding and Dr. Allen have deseribed an alternate tech 
nique for determining the length of link A in the two-point graphi 


cal synthesis method. This inverted layout technique has the 
advantage of pointing directly to a solution with no trial 
error. 


ind 
A transparent overlay can be effectively used to transform 
from the initial to the inverted layout. 

Mr. de Jonge presents a different alternate two-point synthesis 
technique, His method also leads directly to a solution, but re 
quires very accurate drafting. 

A possible shortcoming of both of the alternate techniques is 
the difficulty of accurately erecting the perpendicular bisector of a 
short line segment. 

Drs. Freudenstein and Sandor describe the application of theit 
recently developed general vectorial approach to this problem 
This further illustrates the generality and power of their method 
They recognize, however, the appeal of the simplicity of our 
We wish to thank 


Hain which also falls in this 


method to the practicing designer. 


them for 
calling attention to the 


work of K 
class. 

All of these methods can be quickly learned and applied by the 
practicing engineer who should evaluate them on his own prob- 
lems. 





High-Range Plasticity of Metals 
ev. CRANE | Beyond Normal Work-Hardening 


Chief, Research and Development 
Engineering, E. W. Bliss Company, ; . . - 
Conton, Ohio. Mem. ASME Metals, plastically worked for mass-production purposes are shown to have a little 


known and potentially valuable ‘thigh’ working range, primarily compressive and 

W. S. WAGNER substantially beyond commonplace practices and physicals. This “high range” lies 

beyond the point of normal tensile failure. Jt is distinguished by a steeper or more 

Development Engineer, rapid rate of work-hardening. While some use has been made of it, to advantage, in 

E. W. Bliss Company, wire-drawing, rolling, cold extrusion, and shell drawing, inadequate technical data 

Centon, Obie concerning it may be attributed to unfamiliarity with the testing program. To provide 

pressed-metal engineering with the extended plastic-range data needed for planning 

operation sequences, a testing technique is outlined, which if not new, is at least un- 
familiar and potentially useful until a better method is devised. 


a THE PLASTIC working of metals, for the purposes ened and showed a Brinell hardness of 242. Samples No. 3, 


of maximum production, there is a rather elusive range beyond _ for the tensile and the compressive tests in Figs. 1 and 2 were 

the point of normal tensile failure and in which the working of | removed from this material. 
the metal must be essentially under compression. In order to The bar just described was then stress-relieved for 3 hr at 
sualize, evaluate, and utilize this high range, it is necessary 750 F, to retain the prior work-hardening while relieving the 
to obtain physical properties describing it. Rocket-motor more severe stresses. It was then cold-drawn to 7/15 in. diam 
s have been among the end items for which such maximum This is a total of 53 per cent reduction in area from the original 
sical properties require consideration 41/g-in. diam. It was then Shuster straightened and again 
No single test procedure apparently has been developed which — stress relief-annealed for 3 hr. At this point the Brinell hard- 
is suitable i complete picture of the plastic range. ness was 315. In this state, the specimens marked No. 7, for the 
Therefore it has 1 necessary to correlate a number of tests in — tensile and the compressive tests of Figs. 1 and 2, were prepared. 
composit ury The preparatory work of producing the material, spheroidize- 
doing this is that the progressive increase in annealing, cold-drawing, and stress relief-annealing was carried 
th strain is essentially the same whether the metal is | out by the Republic Steel Corporation, Union Drawn Division, 

drawing, rolling, extrusion, testing-machine pro- Massillon, Ohio. 
other process After the compression test a: the increase in area of the com- 
3 is obviously a faulty assumption, and yet, within certain pressed slug was such that it was approaching possible tensile 
broad limitations, it does prove revealing and useful. failure around the periphery. That is, at the end of compression 
{ on is that the working under consideration is test 7 it had reached a diameter of 0.695 in. and a thickness of 
stoplastic state, below the recrystallization tempera- 0.248 in. It was therefore placed in a lathe and turned down to 
While this eliminates creep problems, there are still a diameter of 0.252 in., retaining the thickness or height of 
lifferences in the rate of work-hardening, depending 0.248 in. In doing this it is appreciated that the metal removed 
i] 


] temperature, and heat generation in the working from the periphery had been less severely stressed and less 


is needed in the effect of work-generated severely work-hardened than the metal remaining which had 
1 


ork-hardening. In the research reportes formed the center portion of the previously worked slug. A 
movement of the testing machine does — study of such nonuniformity of working in a cylindrical compres- 
of the samples appreciably. sion specimen was presented during the panel discussion of the 

the composite grouping of a series of Plastic Working of Metals in December of 1954.2 
‘al composition and of mechani- Nevertheless, it is apparent from Fig. 2 that the difference was 
not enough to show a major discontinuity in the over-all plastie- 

erial used in everal tests combined in Figs. 1 range curve. 

ym the same coil of steel for uniformity. All Fig. 1 gathers the three tensile tests. In anv tensile test there 


ssed together, up through hot-rolling to 41/¢4 in. is a ge neral elongation up tothe point at which some local weakness 


roidize-annealing to a Brinell hardness of 160 or grain-size difference permits the development of local necking 
ilation, the tensile and compressive From that point on the change of stress and strain is localized at 
irves in both figures were taken from the the neck. No equipment is available at present to record this 
coil was then cold-drawn to '/, in. diam, change automatically. The true ultimate tensile strength (about 
39 percent. It was then Shuster straight 175,000 psi) is, of course, substantially higher then the nomi- 
Metal P or nal value (about 100,000 psi) which is obtained by taking a load 

eva roce ectLo oO if rodauction 
1 presented ¢ ie Annual Meeting, New Value at about the point where generally elongation ceases and 
30-December 5, 1958, of Tue American dividing it by the cross-section area back at the initial state, 
I-NGINEERS, before any movement begins. Fig. 1 confirms general experi- 
and opinions advanced in papers are to be 

vidual expressions of their authors and not those of 1 Through the courtesy of Mr. Eugene B. Files. 

Manuscript received at ASME Headquarters, August 2. V. Crane, ‘Plastic Metal Working,” Trans. ASME, vol. 78 
‘ No, 5S 4-132 1956, p. 413 
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Fig. 1 True stress tensile tests of 4140 steel, from (1) spheroidize 
annealed state; (3) cold drawn, 39 per cent reduction; (7) stress-relieved 
and cold-drawn to a total of 53 per cent reduction and stress- 
relieved again 


ence that the true ultimate tensile strength varies comparatively 
little, regardless of the character of the annealing or the amount 
of prior working. An apparent exception to this rule will be 
shown in Fig. 3, where, however, the initiation of tensile frac- 
ture is inhibited by external pressure. 

To show the change taking place at the neck, the tensile tests 
were carried out by a team of three men. The key man found 
the point at which necking began with a ball-point micrometer 
and continued to give a succession of readings of the diameter at 
this point. The second man read the pressure at the moment 
the diameter reading was given. The third man set down these 
simultaneous readings. The area at the time of each reading 
was computed from the diameter and the true unit stress was 
obtained from the comparison of this figure with the corresponding 
load. The percentage reduction in area from the original cross 
section also was computed for each point. In this way enough 
points are obtained to give a reasonably precise picture of the true 
stress-strain curve. 

In co-ordinating the curves of the tensile tests from states 1, 
3, and 7, curve 3 was started at 39 per cent reduction, as this was 
the amount which the metal had been worked by cold-drawing 
from state 1. Curve 7 was started at a point representing the 
53 per cent reduction which had taken place from the original 
condition of state 1. It is shown that the differences in initial 
preparation are reasonably taken into account by this method 
and that the remaining plasticity after intermediate amounts of 
The dif- 
ferences in point of failure may be attributed perhaps to small 
differences in grain size, impurities, or differences in alloy distribu- 
tion. This point, however, limits further exploration of the 
plastic range by open tensile vesting. 


working is reduced as the prior working increases. 


Compression testing is handicapped by the fact that it must 
start with a cylindrical slug which has a height of little more than 
the diameter because of the tendency to cock over to one side 
The amount of compression in ordinary testing-machine practice 
is limited by the increasing area, the tendency to tensile fracture 
in the neighborhood of 100 per cent elongation of periphery, the 
influence of friction on the end surface, and the tendency to 
pyramiding of pressure toward the center of the slug when it 
becomes too thin. Nevertheless, it seems to be the only practical 
method of exploring the changes of physical properties which are 
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Fig. 2 Compression tests of 4140 steel from (1) spheroidize annealed 
state; (3) cold-drawn 39 per cent reduction; (7) stress-relieved, cold-drawn 
to a total of 53 per cent reduction from the initial rod, and stress-relieved 
again; (9) a continuation of test of specimen (7) except that it has been 
turned in its flattened state from 0.695 to 0.252 in. diam to obtain again a 
suitable ratio of diameter to height 


350000; 


@ REDUCTION 


Fig. 3 Consolidation of tensile tests of heat-treated 4140 steel in which 
the first and second curves report tests performed in air and the third 


curve shows the results of a test performed in a hydraulic atmosphere at 
365,000 psi 


commercially obtainable when working primarily in compression 
However, the grouping of a series of compression tests from 
different preparatory treatments of the same material does give 
a reasonably composite visualization of the change taking place 
In Fig. 2 are shown compression tests from each of the three 
initial states. In this case the pressure was brought up in a 
series of increments, and at each step the slug was removed and 
its height measured by the 
was then returned to the machine 
and the process repeated and each of the positions shown on the 
curves. 


micrometer and recorded against 
corresponding pressure. It 


The mean cross-sectional area was computed from the 
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Fig. 4 Plastic-range, physical-property curves for 4140 steel, from 
annealed and heat-treated states in which dotted portions represent 
compressive working. Alternative choice of base curve 
mathematical preference. 
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Fig. 3 presents a still higher range in which the steel is heat- 
treated for dispersion-hardening, prior to being worked, with the 
resultant added work-hardening. This is obviously a tempting 
but difficult range in which tool loads will be extremely high. 
Some work has been done in the plastic working of heat-treated 
aluminum prior to aging but we know of comparatively little 
The 


offering of this curve is therefore academic for the present. It 


that has been done in the working of heat-treated steel. 


is revealing, however, that so much metal movement can take 
place and such high values can be achieved. 

The AISI 4140 steel specimens used for the tests reported in 
The 


first specimen was normalized at 1650 F and air-cooled, giving 


Fig. 3 


are unrelated to those reported in Figs. 1 and 2. 
hardness prior to testing of R, 30. The second specimen was 
normalized at 1650 F, quenched from 1550 F, and drawn at 950 F, 
R, 34. 
turned from the same 1!/2-in-diam cold-finished bar and were 
tested in the Bliss Metallurgical Laboratory at Canton, Ohio 


giving a hardness of Both of these specimens were 


The points were taken by the same procedure deseribed i 
connection with Fig. 1. 

The third specimen was one reported in a book by Prof. P. W. 
had heat-treated to R, 34.5 
subjected to tensile test in a hydraulic atmosphere at 365,000 


Bridgman.® It been and then 


psi. Bridgman corrected the original test figures to show flow 
stress. He has attributed the extraordinary reduction to the 


high external pressure, preventing the initiation of tensile 


fracture. This seems like a logical explanation, but in any case, 
the procedure made possible the demonstration of the high- 
range properties for a heat-treated and work-hardened steel 

The relative positioning to show continuity and extent of the 
work-hardening curve had to be done arbitrarily in this case 
It does the differences 
initial preparations. The difference 
first two specimens which 


ilso may 


demonstrate resulting from different 
in point of failure of the 
were tested at atmospheric pressure 
be attributed to the differences in preparatory heat- 
treatment. 

Fig. 
AISI 


€ ach 


ft summarizes the plastic-range physical properties of 
$140 steel in the normal and the heat-treated states. In 
case the normal range for which data were obtainable 
from tensile tests performed at atmospheric pressures is shown 
by a heavy line. The higher range, in which working had to be 
primarily or completely compressive, 1s shown by the dotted 
lines. In the upper group the true stress is plotted against 
strain represented as percentage reduction, which is convenient 
for algebraic proportioning. In the lower group true stress is 
plotted against true strain expressed as the natural logarithm of 
This form is favored for the 


but it 


the change of area. purposes of 


higher mathematies, should be noted that the straight- 
line relation does not hold beyond the point of normal tensile 
failure. 

The correlation of different methods of expressing metal move- 


ment has been tabulated by Wagner . 


Rocket-Body Application 


Fig. 5 shows the sequence ol operations for the consideration ot 
which the metallurgical research was performed. The designers 
of the part specified a minimum yield in the thin side wall of 
approximately 200,000 psi. Backward and forward extrusions 
were contempl ited but in view of the relative metal thickness it 
Was considered more economical and less troublesome to plan 
the drawing and ironing series shown. From the test data it was 
felt that the physical specification could be obtained without 
heat-treatment with a stress-relief anneal after the fourth or 

P. W. Bridgman, ‘‘Studies in Large Plastie Flow and Fracture,” 
McGraw-Hill Book Company, Ine., New York, N. Y., 1952. 
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Fig. 5 Sequence of operations to produce the motor body (6), for which the physical-property tests were developed 


fifth operation and probably a mouth or wall anneal early in the D | S C U S S | 0 N 
ae Charles R. Bratlee’ 


heat-treating and drawing, after the fourth or fifth operation Phe paper notes that an economic advantage may be found in 


On the other hand, an even higher value might be obtained by 


followed by ironing to correct the distortion in heat-treatment working of metals in the high plastie range This has certain! 
Phe sequence of operations is as follows: ween substantiated by the ¢ xperrence ob ma Prhearitidat ire 
; ; : ( nploving the techniques of cold extrusion in the manufacture 
ank, draw, and indent, to gather the material for the > F 
their products. Broad areas of application remain unexplored 


7 1 red ld An adequate test of the behavior of various material 

: reverse t reduce the indent against the hol r yy ‘ , , ; 

, feverse se reduce ie indent against the hol Ing pad, and rked in the “hich plastic range is long been needed 
ouble-action redraw 

( ‘ ble ection reara , = been needed for a m ilt lieit f reasons. but principl 


3 Single action, reduce the neck and redraw the wall 
1 Red 
1 


5 Red 
6 Light finish ironing, bottom stamping, and neck upsetting regards relative formability 


) 


< Better identification of th Wo hardening propertie 


ng them are: 
ice the neck and pe rform the first ironing operation 
' , 


uce the neck and perform the second ironing operation : Phe need for classification of v ous metals and their allo 


In planning this sequence of operations, the tensile stresses are GEM 
= mus alloving elements 
‘pt comparatively low rhe resultant compressive stresses it S “Viio tect oll ewe sintasinle hich nes nenchaned Gar Hind 
the working area at the ironing ring are those which are to work webitacttiania tea Ula lad inlaaithi eceaad.  CBlita task sate wait 
the material up into the high stress range where a purely tensile 5 tas ise in sei ies Mea aia Re tials ea a 
stress would be likely to initiate fracture Results are, there- Reig oparea- re aa ia Be aufhiei oe per il as to 
fore, reasonably predictable Other operations which achieve vdded cost of vitae — . 
the high range are primarily compressive metal movements it 

extrusion, rolling, and wire-drawing. The high stresses in the Phe procedure outlined would appear to satisfy the need for 
metal necessarily must result in even higher tool loads so that plasticity test The procedure is a cumbersome one, as would 
carbide rings in substantial prestressed holders sare indicated most likely be any other one The prime iprle deterrent to its ust 
To prevent pressure welding or loading, with the resultant however, would seem to be the use of cold drawing operations 
scratching, it is probable that a bonded-on zine-phosphat« the means of obtaining the initial reduction re quire 


protective coating, plus a bonded-on zine-stearate coating, will be Senior Project Engineer, Proce inninont Siath. Cx 


required. Some additional liquid lubricant may still be desirabl \lotors Corporation, Detroit, Mich Mem. ASMI 
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Acknowledging the basic soundness of the test as a means of 


obtaining a quantitative measurement of plasticity, a modification 
in procedure can be suggested which will obviate the need for the 
cold drawing operations. One further assumption is needed to 
permit this, namely, that the substitution of a rectangular prism 
1.5 would not 
The height/width 


1.2/1 is selected as the maximum which can be upset 


ng an initial height/width/length ratio of 1.2/1, 


the iccuracy ol the stress re idings 


inilorm1 


The test procedure 


| would be as follows: 


1 The initial slug of material would be a right evlinder or sim- 


of roughly cubie dimensions having a height of approxi- 


mately 2 inches and parallel ends Following the desired initial 


preparation, this blank would be upset to approximately 50 per 


cent its original height by any available means, such as a heavy 


r testing machine Secause the low plastic range is of 


interest and height readings need not be taken, 


roree 


initial and final height being the only information recorded. 
2 The flattened blank of approximately one inch thickness ob- 
tained from step | would then be machined to a rectangular prism 


1.2 in. high, by 1 in. wide, by 1.5 in. long (with the 


Meus ng 
in. width dimension that established in the initial upset.) 
§) 6 The 1.2in. X 1-in 


testing machine to a final height 56 per cent its original and read- 


1.5-in. prism would then be upset in a 


ings of height and force taken at several points. 
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1 The resulting flattened shape would again be machined to 
a rectangular prism having as its width the final upset height of 
step 3 and a height and length in the ratio of 1.2 and 1.5 to the 
width. 

5 Steps 3 and 4 would be repeated until the specimen became 
too small to use or until the necessary data have been assembled. 


This procedure, if followed through the fifth upset, would result 
in a reduction in area of approximately 95 per cent (true strain = 

3). Blank thickness following the fifth upset would be ap- 
proximately 0.2 in., permitting further working if desired. 

The design of this procedure takes into account and attempts 
to minimize the effects of end friction, heat of deformation, 
unsymmetrical upsetting, nonuniformity of working during upset, 
and pressure pyramiding. The result is a compromise. Quite 
probably a better one can be found. It is suggested primarily as 
a means of further defining the plasticity test proposed by the 
authors and implementing its use. 

tegarding the presentation of results, the use of true strain 
would be a far better measure of plastic deformation than would 
be per cent reduction. This is especially true in the high plastic 


range where small increases of ‘‘per cent reduction” describe 
large amounts of plastic working. 

The authors are to be congratulated on their studies to date 
and the steps taken to develop a useful test of plastic behavior in 


metals. 
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Self-Excited Vibrations in Metal Cutting 


The basic mechanisms which cause self-excited vibrations of a cutting tool relative t 
the work are discussed in a qualitative manner. 
the cutting process which can damp or limit vibrations are d 


Similarly, mechanisms inherent in 


discussed. Experiments 


are presented which are in agreement with-the theory 


I. THE usual metal-cutting operation, three proc- 
esses occur simultaneously: Shear on the shear plane (A, 
Fig. 1); sliding between chip and tool (B, Fig. 1); and sliding 
between work and tool flank (C, Fig. 1). Each of these processes 
can be responsible for exciting vibrations between the tool and 
workpiece. In this parer we describe qualitatively the effect 
of each process upon tool-work vibrations. 

When neither tool nor work is vibrating, the tool will assume 
some fixed position relative to the work. We consider vibrations 
to be departures from this fixed relationship. Although either 
tool or workpiece or both may be vibrating, we will consider 
the vibratory motion of the tool relative to the work, x and y, 
Fig. 1. 


The Shear Process 


The shear force exerted on the shear plane is equal to the shear 
stress T, times the shear-plane area. Shaw’ and Hoélken [1]? 
have shown that when vibrations exist, the shear angle of Fig. 1 
may vary in such a way as to produce a net energy input to the 


system per cycle. The shear angle cannot vary at too great a 


— Rake Angie 


C/earance 
Angle 


Fig.1 Aschematic view of cutting process showing three processes which 
occur simultaneously: A, stear; B, sliding; C, sliding 


1 The major points of this paper are abstracted from the author’ 
SeD thesis, Massachusetts Institute of Technology, 1955. 

2 Numbers in brackets designate References at end of paper 

Contributed by the Production Engineering Division and presented 
at a joint meeting with the Machine Design and Applied Mechanic 
Divisions at the Annual Meeting, New York, N. Y., November 30 
December 5, 1958, of Tur AMERICAN SocieTy OF MECHANICAL EN- 
GINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, 


August 
28,1958. Paper No. 58—A-189. 
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rate relative to the cutting 
Hence 
tively low-frequency vibrations. It is 


speed V or the shear plane will 
enter the chip. this mechanism is to rela- 
quite that 
this mechanism is present and may predominate in most low- 


frequency workpiece vibrations. 


restricted 
possible 


Vibration excitation due to varying shear stress on the shear 
plane has been shown very clearly for titanium machining [2]. 
Fig. 2 shows a typical titanium chip produced at high cutting 
speeds. The chip is seen to be composed of a series of “blocks’’ 
separated by zones of highly deformed metal. 
primary reasons for this mechanism: 


There are two 
At elevated temperatures 
the flow stress 7; of titanium falls off rapidly; titanium has low 
thermal conductivity k and low volumetric specific heat pe 
A comparison of the values of kpe for various metals is given in 
Table 1. 


Table 1 Thermal property (kpc) 


(Btu/sq in. deg F)? 

(sec K 108 
1020 steel 27 
18-8 stainless 
Aluminum 34 


Titanium... 5.5 


o 


Owing to the low conductivity, heat generated by the 


process remains in the shear zone for a relatively long 


shear 


time; 


Fig. 2 Photomicrograph of a titanium chip showing inhomogeneous 
strain distribution 
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of the tool relative to the work. This vibration is unique in 
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ss irregularities in the chip form. The mechanism is 
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Fig. 3. Calculated variation of chip-tool interface temperature (4,) and 
chip-tool interface frictional stress (7) with cutting speed V 
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Fig. 4 Variation of vibration amplitude (y, Fig. 1) with cutting speed as 
determined by several investigators 


Fig. 4. Thus the contact between chip and tool face 


can have two effects: 


manner, 

l Ixecitation of vibrations parallel to the tool face. kixel- 
tation of vertical vibrations (a variation in cutting speed V 
causes & Variation in the speed of chip relative to the tool 


a 


2 Limiting of vibrations perpendicular to the tool face 


Sliding Between Work and Tool Flank 


When we cut, there is always some contact between the work- 
On an ideally sharp tool, the contact 


piece ind the tool flank. 
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will be due to elastic rebound of the work material after it 
passes the cutting edge. As the tool wears, the wear land w, 
Fig. 1, also rubs against the work. It is clear that if the tool 
were free to vibrate in a vertical direction, our previous comments 
on the ability of sliding surfaces to excite vibrations apply. 
Thus, when there is vibration in the vertical (y) direction, the 
tool-flank friction force will feed energy into the system and 
sustain vibration. If, however, the tool vibrates in the hori- 
zontal direction, the foree perpendicular to the wear land will 
remove energy from the system and, hence, reduce the vibrational 
tendency. In fact, if the horizontal velocity of the tool moving 
into the work exceeds the cutting speed times the tangent of the 
clearance angle, i.e. 


—-V,>Vtany (2) 


there will be a contact force exerted along the entire clearance 
face. This force will be certain to limit the amplitude of vibratiot 
in the x-direction. Thus we see that rubbing on the clearance 
face can have two effects: 

1 Excitation in the vertical (y) direction. 

2 Limiting and damping in the horizontal (x) direction. 

To summarize, in the more usual ease where “thermal-softening 
instability’’ does not oecur on the shear plane: 

(a) The shearing process damps vibrational motion which is 
parallel to the shear plane. 

(b) The tool-chip interface friction force excites vibration 
along the tool face while the normal force may limit oscillation 
perpendicular to the tool face. 

(c) The friction 
excite vertical vibrations while the normal force can limit hori- 
zontal vibrations. 


wear land and clearance-face force can 


Which of these mechanisms predominates depends largely 
upon the cutting speed and the stiffness of tool relative to work 
in the x and y-directions (A, and K,). 
either the 
or at the natural frequency of the workpiece as it is held in the 


Generally, self-excited 


vibrations occur at natural frequency of the tool, 


machine. In general, tool natural frequencies are of the order 
of several thousand cycles per second, whereas workpiece natural 
frequencies are generally (though not necessarily ) of the order of 
We should not 


expect the same exciting mechanisms to obtain at these widely 


a few hundred eyeles per second necessarily 
differing frequencies. 
lathe 


essentially 


Using this general observation, various 


vibrations can be separated into two groups, namely, 
single-degree-of-freedom systems when K, 
Table 2 


shows which lathe operation comes in which group and which 


K,, and two-degrees-of-freedom systems where A, ~ K,. 
types of excitation, damping, and limiting may occur. 


Experimental Results 


Several of the mechanisms discussed and summarized in 
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Fig. 5 Amplitude-velocity curve is seen to peak at a higher speed for 
steel than aluminum 


Table 2 


Most previous investigators have not reckoned the important 


can be demonstrated clearly through experiment. 
difference between one and two-degree-of-freedom systems and 
hence have produced much contradictory data 

Effect of Cutting Speed. that the 


slope of the 7,-V curve is less severe at high speed ; 


From Fig. 3 we see negative 
hence we 
might expect that at a sufficiently high speed, the system damp- 
ing would overpower this exciting foree. Indeed, this seems to 
be the case. Fig. 4 shows the type of data obtained b 
“ J 


The speed at which the amplitude peaks depends upon many 


Chisholm, 
Dio, and the author; the limiting curve V is also shown 


factors. The total energy involved in the cutting process is 
important because, if at a certain speed a certain portion of the 
total energy is left in the system, the greater the total energy 
that 
Thus we generally find that the larger the area of cut bt (b 
depth, ¢ = feed) the higher the 


peaks. The work material is obviously important. 


the greater the energy must be absorbed in damping 


speed before the amplitude 
Ifa material 
retains its strength to higher temperatures, we must go to higher 
When 


in the 


speeds before the strength starts to diminish appreciabl 
cutting aluminum, the author could always achieve a peak 


amplitude-velocity curve; however, it was difficult to do so 


with mild steel. Fig. 5 shows a comparison Ol unplit ide versus 


velocity curves for these two materials. 


Effect of Wear Land and Clearance. According theor 


to our 
ae ’ 


rubbing on the clearance or wear land can excite vibrati 


Arnold [6] and Saljé{9] have both looked at this effect 


shows how the amplitude varied with wear land 1 


(after Balse) 


Mild Steel 


After Doi) 


! a 
4 8 12 


! 
a 3 








Minutes 


Fig.6 Effect of wear land upon vibration 
amplitude for a single-degree-of-freedom 
system 


Fig. 7 


Journal of Engineering for Industry 


Wear Land 
Effect of wear 
vibration amplitude for a two-degree- 
of-freedom system 


Clearance Angle w 
land upon Fig. 8 In a two-degree-of-freedom 
system, the clearance angle can 
limit the amplitude of vibration 





Table 2 Summary of vibrational predictions for lathe work 
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lor results for a 


freedom Fig. 7 the 
f-freedom s\ We note that in 


interference on the clearance face can limit 


shows 


system 
stem a two-degree- 
tem, 


rhus, 


oscillation 


as the wear land grew, Fig. 7, it first limited, 


scillation 
then ex Doi investigated the effect of clearance 
l is two-degrees-of-freedom system. Fig. 8 shows 
his results wherein amplitude increased with increased clearance 
the clearance angle was limiting the oscillation. 


that the effect is “ 


[tis apparent that 


In fact, he stated more remarkable at low 
cutting speed.’ 


Three tools having the same length 
to the following 


Effect of Tocl-Shank Geometry. 


and er ctional area were ground have 


stiffness rati Ss. 


Tool no 


K, = 4K, 
K, = K, 
K, = K,/4 
s vertical amplitude yo versus speed and also the ratio 
sus speed. We see that the vertical stiffness k, has much 
upon the system than the horizontal stiffness k,. 
ibly due to the fact that when vertical oscillations 
two exciting mechanisms are reduced; namely, 


1 When the 


ce and horizontal 
clearance rubbing is unaffected 


tool-face 


the 
while the tool-face rubbing is only affected to a small extent. 


rubbing. 
re duced, 


oscillations are 


Summary 


Metal-« 
mechanism At 


vibrations can be excited by a variety of 


itting 
high frequencies, the negative slope of the 
At 
he variation of shear angle may be the important 


low 


friction-velocity curve is apparently responsible. 
frequencies, 
or. This mode of excitation requires more experimentation 
tion. Damping can take place in the mechanical 

nd also in the shear plane. Amplitude limitation can 
occur hy the chip leaving the tool face or by interference on the 


clearance face 
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